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Abstract 

m; 

We determine the Nakayama automorphism of the almost Calabi-Yau algebra 
£^ | A associated to the braided subfactors or nimrep graphs associated to each SU (3) 

modular invariant. We use this to determine a resolution of A as an A-A bimodule, 
which will yield a projective resolution of A. 

00 
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1 Introduction 

The SU(2) and SU(3) modular invariant partition functions were classified by Cappelli, 
Itzykson and Zuber [15] and Gannon [35] respectively. The SU(2) theory is closely related 
to the preprojective algebras of Coxeter-Dynkin quivers. The object of this paper is to 
study the analogous finite dimensional superpotential algebras associated to the SU(3) 
invariants. 

The classical McKay correspondence relates finite subgroups T of SU(2) with the 
algebraic geometry of the quotient Kleinian singularities C 2 /T [63] but also with the 
classification of SU (2) modular invariants [151 E2] , classification of subfactors of index 
less than 4 [53 021 Effl 121 S3] , and quantum subgroups of SU{2) [591 1501 EH 13 M, 03] • 
The study of quotient singularities and their resolution has been assisted with the study 
of the structure of certain noncommutative algebras. Minimal resolutions of Kleinian 
singularities can be described via the moduli space of representations of the preprojective 
algebra associated to the action of V. This leads to general programme to understand 
singularities via a noncommutative algebra A, often called a noncommutative resolution, 
whose centre corresponds to the coordinate ring of the singularity |66j. The algebra should 
be finitely generated over its centre, and the desired favourable resolution is the moduli 



1 



space of representations of A, whose category of finitely generated modules is derived 
equivalent to the category of coherent sheaves of the resolution. In the case of a quotient 
singularity C 3 /r for a finite subgroup T of 577(3), the corresponding noncommutative 
algebra A is a Calabi-Yau algebra of dimension 3. 

Calabi-Yau algebras arise naturally in the study of Calabi-Yau manifolds, providing a 
noncommutative version of conventional Calabi-Yau geometry. An algebra A is Calabi- 
Yau of dimension n if the bounded derived category of the abelian category of finite 
dimensional A-modules is a Calabi-Yau category of dimension n. In this case the global 
dimension of A is n [12]. The derived category of coherent sheaves over an n-dimensional 
Calabi-Yau manifold is a Calabi-Yau category of dimension n and they appear naturally in 
the study of boundary conditions of the 5-model in superstring theory over the manifold. 
For more on Calabi-Yau algebras, see e.g. [121 138] . 

In [38] Remark 4.5.7] Ginzburg introduced, in his terminology, g-deformed Calabi- 
Yau algebras. In the case where q is not a root of unity, these algebras are Calabi-Yau 
algebras of dimension 3. In this paper we will study these algebras in the case where q is 
a root of unity, which are the 577(3) generalizations of preprojective algebras [37] for the 
Coxeter-Dynkin diagrams ADE. We will call these algebras almost Calabi-Yau algebras. 

In Section [2] we bring together the strands needed from subfactor theory, modular ten- 
sor categories and their modules, planar algebras and categorical approaches. We begin 
in Section 12.11 by describing our notation for the representation theory of SU (n) at level 
k. In Section 12721 we recall the generalized Temperley-Lieb algebras for SU(n), which are 
representations of the Hecke algebra. Then in Section 12.31 we review the description of 
the Verlinde algebra and fusion rules for quantum SU(n) in terms of endomorphisms of 
a hyperfinite type IIIi factor N. This system of endomorphisms has the structure of a 
modular tensor category. For a braided inclusion N C M we obtain a module category 
which produces a nimrep, or non-negative matrix integer representation of the fusion 
rules, which is associated to the SU (n) modular invariants. In Section 12.41 we give a 
subfactor description of the Verlinde algebra, where the space of intertwiners is identified 
with the algebra of paths on the nimrep graph. In Section [2751 we move to the categorical 
picture, and give a diagrammatic and categorical description of the Verlinde algebra and 
fusion rules for quantum 577(2). This is based on the diagrammatic representation of 
the Temperley-Lieb algebra of Kauffman [415] . A categorical approach to Temperley-Lieb 
algebras was given in [651 El HE]- bn Section 12.61 we describe 577(2) module categories 
in terms of preprojective algebras, following the ideas of Cooper [16]. We relate this in 
Section [2771 to braided subfactors using the Goodman-de la Harpe- Jones construction [39] 
and its manifestation in the bipartite graph planar algebra construction of Jones [47J. We 
give the analogous description for SU (3), where the diagrammatic and categorical descrip- 
tion of Section 12.81 is based on the 5?7(3)-Temperley-Lieb algebra and its diagrammatic 
representation constructed in [27] using the y^-webs of Kuperberg [53]. In Section 12791 we 
describe the module categories in terms of (almost) Calabi-Yau algebras, following the 
ideas of Cooper [T/5]. The corresponding nimreps, the SU(3) AT>£ graphs, are the graphs 
associated to the SU (3) modular invariants. In Section 12.101 we relate the construction 
of these almost Calabi-Yau algebras to braided subfactors using the 577(3) Goodman-de 
la Harpe- Jones construction [26] and its manifestation in the 5?7(3)-graph planar algebra 
construction [28] . 

Then in Section [3] we compute the Hilbert series of dimensions associated to these 
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almost Calabi-Yau algebras. The McKay graph of SU (3) is built out of closed paths of 
length 3, which corresponds to the fact that the fundamental representation p of £77(3) 
satisfies p® p £g> p 3 1. One can build an Ocneanu cell system W on the McKay graph 
of a subgroup of £77(3) or an AT>£ graph Q, which attaches a complex number to each 
closed path of length three on the edges of Q [5H] • These yield relations on paths of equal 
length, and one obtains a superpotential algebra A = A(Q, W) by taking the quotient by 
the ideal generated by these relations. For the AVE graphs Q, we take potentials built 
on the cell system W computed in [25], and study the Hilbert series of dimensions of the 
corresponding quotient algebras A(Q,W), which are almost Calabi-Yau algebras. The 
preprojective algebras for ££7(2) braided subfactors, and the almost Calabi-Yau algebras 
for SU (3) braided subfactors, are given by the image under a functor F of the quotient £ 
of the tensor algebra generated by the fundamental sector by a tensor ideal which makes 
£ symmetric, that is, 

F(S) = A(g,W), (1) 

where the functor F is essentially the module category arising from the braided subfactor. 

If H n is the matrix of dimensions of paths of length n in some graph Q in the quotient 
algebra A = A(Q,W), with the indices of the matrix labeled by the vertices, then the 
matrix Hilbert series Ha of the algebra A is defined as Ha(£) = ^2,H n t n . Let Ag be 
the adjacency matrix of Q. Then if Q is the McKay graph of a subgroup of SU(3) then 
A = A(Q,W) is a Calabi-Yau algebra of dimension 3 [381 Theorem 4.4.6], and by [121 
Theorem 4.6] its Hilbert series is given by: 

We prove in Theorem 13.11 that if Q is a finite SU (3) AT>£ graph which carries a cell system 
W, and thus yields a braided subfactor [26], then 

1 — Pt h 

where P is a permutation matrix corresponding to a Z 3 symmetry of the graph, and 
h = k + 3 is the Coxeter number of Q, where k is the level of ££7(3). The permutation 
matrix P corresponds precisely to the Nakayama permutation for A. This result was 
mentioned without proof in [29]. In [131 Proposition 3.14] the Hilbert series was given 
for a (p, g)-Koszul algebra (or almost Koszul algebra), of which (j3]) is a particular case, 
where A = A(Q, W) is a (h — 3, 3)-Koszul algebra, see Section 12.91 

The dual A* = Hom(7l, C) is an A- A bimodule, not usually identified with aAa or 
xAx with standard right and left actions but with \Ap with standard left action and the 
standard right action twisted by an automorphism 0, the Nakayama automorphism [72]. 
The Nakayama automorphism measures how far away A is from being symmetric. In the 
case of a preprojective algebra II of a Dynkin quiver, this Nakayama automorphism is 
identified (up to a sign) with an involution on the underlying Dynkin diagram, which is 
trivial in all cases, except for the Dynkin diagrams A n , JJ^n+i, Eq where it is the unique 
non-trivial involution [191 ISHj- In the case of ££7(3), the Nakayama automorphism is 
identified in Theorem 14.61 with the Z 3 symmetry of the underlying AT>£ graph given by 
the permutation P in ([3]). This answers a question we posed in [221 P-411]. The Hilbert 
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series ([3]) for A is a key ingredient in our determination of the Nakayama automorphism 
for the 577(3) AVE graphs. We also use the Ocneanu cells W(A) computed in [25] . 
and exploit their Z 3 -invariance and in most cases the non-vanishing of (certain linear 
combinations of) cells which appear in the determination of a basis for A. It does not 
appear that the non-vanishing of these linear combinations can be deduced merely from 
the existence of cells in [59] . 

In Section [4] we obtain the first part of a resolution of A as an A- A bimodule 

A ® R A[3] -> A® R V* ® R A[l] -> A ® R V ® K A -> A ® K A -> A 0, 

where R, V are the A- A bimodules generated by the vertices, edges of Q respectively, the 
A- A bimodule V* is the dual space of V, and B[m] denotes the graded space B but with 
grading shifted by m. The algebra A is a Calabi-Yau algebra if and only if the kernel of 
the leftmost map is zero, as in [3BJ H2J EH]- In our case, this kernel Q 4 (A) is non-zero and 
is determined in Theorem 15.11 We show that Q 4 (/l) is isomorphic as an A- A bimodule to 
iAp-i, and thus obtain a finite resolution of A as an A- A bimodule 

0^ iAp-i[h] -> A® R A[3] -> A® R V* ® R A[l] -> A ® R V ® R A -»■ A ® R A -»■ A -»■ 0. 

This almost Calabi-Yau condition should be compared with the Calabi-Yau condition 
expressed above. 

This resolution of A will yield a projective resolution of A as an A- A bimodule. The 
objective in deriving this resolution is to provide a basis for the computation of the 
Hochschild (co)homology and cyclic homology of the algebras A(Q,W) for the 577(3) 
AVE graphs. Beginning with a pair (Q, W) given by a cell system W on an SU(3) AVE 
graph G, we construct a subf actor N C M which yields a nimrep which recovers the 
graph Q as described in Section [2731 Then we can construct the algebra A(Q,W) whose 
Hochschild (co)homology and cyclic homology only depends on the original pair (Q,W), 
or equivalently, on the subfactor N C M. Thus the Hochschild (co)homology and cyclic 
homology of A should be regarded as invariants for the subfactor N C M. 

2 Preliminaries 

In this section we bring together the strands needed from subfactor theory, modular tensor 
categories and their modules, planar algebras and categorical approaches as outlined in 
the Introduction. 

2.1 Representations of SU(n) and SU(n)k 

Here we describe our notation for the representation theory of SU(n) at level k < oo. 
Every irreducible representation \ m of SU (n) is classified by a signature, or highest weight, 
m = (m!,m 2 , . . . , m n _i), where m, are integers such that mi > m 2 > • • • > m n _! > 0, 
for i = 1, . . . ,n — 1. A signature m can be represented by a Young diagram with at most 
Ti — l rows, and m s boxes in the 2 th row, i — 1, . . . ,n — 1. The irreducible positive energy 
representations of the loop group of SU(n) at level k, or SU(n)k, are described by the 
irreducible representations of SU(n) whose signature has at most k columns. 
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For SU(2) the signatures are just the integers k > 0. The fundamental representation 
is p = Ai, and the irreducible representations of 577(2) satisfy the fusion rules A m © p = 
A m _i © A m+ i for m > 1, and A ©p = p. The fusion graph for SU(2) is the infinite Dynkin 
diagram A^. It is well known that the k th symmetric product of C 2 gives the irreducible 
level k representation. The irreducible representations of SU(2)] C satisfy the same fusion 
rules as those for SU(2), only now A m is also understood to be zero if m > k. 

For £77(3) the signatures are pairs (mi, m<2) with mi > rri2 > 0. We will replace 
the pair (777,1,7712) by the Dynkin labels (p,l) = (ni2 — ^1,^1), where now p, I > 0. 
The conjugate representation of \(p t i) is A( Pi /) = X(i )P )- The fundamental representation 
P = ^(1,0) generates every irreducible representation of SU(3) with its conjugate p, and 
the irreducible representations of 577 (3) satisfy the fusion rules 

A( P ,z) © p = \p,i-i) © A^-i^+i) © \(p+x,i), X( p ,i) © p = \ P -i,i) © A( p+ i^_i) © \(pj+i), (4) 

where X( r ,s) is understood to be zero if r < or s < 0. The fusion graph is the infinite 
graph *4.(°°) (see [251 Figure 4]). The irreducible representations of SU(3)k satisfy the same 
fusion rules as those for SU(3), only now A^n is also understood to be zero if p + I > k, 
and the fusion graph is the truncated graph *4.( fc+3 ). 



2.2 The generalized Temper ley- Lieb algebras 

Let M n = End(C n ). By Weyl duality, the fixed point algebra of © m M n under the product 
adjoint action of SU (n) is generated by a representation a ^ g a on © m C n of the group 
ring of the symmetric, or permutation, group S m . This algebra is generated by unitary 
operators gj, j = 1, . . . ,m — 1, which represent transpositions + 1), satisfying the 
relations 

9) = 1, (5) 
9i9j = 9j3u \i ~ j\ > 1, (6) 
9i9i+i9i = 9i+i9i9i+i, (7) 

and the vanishing of the antisymmetrizer 

sgn(a)( 7(T = 0. (8) 

Writing gj = 1 — Uj, these unitary generators and relations are equivalent to the self- 
adjoint generators 1, Uj, j = 1, . . . , m — 1, and relations 



HI: Uf = Sty, 

H2: UiUj = UjU h \i-j\>l, 

H3: U t U t+l U t -U = U^UU^-U+u 

where 5 = 2, and the analogue of flS}. 

There is a g-version of this algebra, which is a representation of a Hecke algebra. 
This is the centralizer of a representation of the quantum group SU(n) q (or the universal 
enveloping algebra), with a deformation of (JH]) to 

(q- 1 -9j)(q + 9i)=0- (9) 
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The invertible generators gj, j — 1, . . . , m — 1, satisfy the relations ([6]) , (JTJ) , ([9]) and the 
vanishing of the g-antisymmetrizer [18] 

E(-<?) |/ctI ^ = ' (10) 

where g a = Yliei 9i ^ a = Yliei (*>* + !)■ Then writing gj = q' 1 — Uj, we are interested 
in the generalized Temperley-Lieb algebra generated by self-adjoint operators l,Uj, j = 
1, . . . , m — 1, satisfying H1-H3 and the analogue of (fTUj) . where now 5 = q + q" 1 . In the 
cases n = 2,3, which we are interested in, (flOl) reduces for SU{2) to the Temperley-Lieb 
condition 

UiU^Ut - Ut = 0, (11) 

and for SU (3) it is 

(Ui - U l+2 U i+l Ui + U i+1 ) (U i+1 U i+2 U i+1 - U l+1 ) = 0. (12) 

There are minor errors in a parallel discussion in Section 2 of the published version of 
[27] which have been corrected in the arXiv version. 

2.3 Braided subfactors and modular invariants 

Let A and B be type III von Neumann factors. A unital *-homomorphism p : A — > B is 
called a morphism. The positive number d p = [B : p(A)] 1 ^ 2 is called the statistical 
dimension of p; here [B : p(A)] is the Jones-Kosaki index [161 [52] of the subfactor p(A) C 
B. Some morphism p' is called equivalent to p if p' = Ad(u) o p for some unitary 
u G B. The equivalence class [p] of p is called the B-A sector of p. If p and a are B-A 
morphisms with finite statistical dimensions, then the vector space of intertwiners 

Hom(p, er) = {t G B : tp(a) = a(a)t , a G A} 

is finite-dimensional, and we denote its dimension by (p, a). A fi-A morphism is called 
irreducible if (p, p) = 1, i.e. if Hom(p, p) = Cl#. Then, if (p, r) 7^ for some (pos- 
sibly reducible) B-A morphism r, then [p] is called an irreducible subsector of [r] with 
multiplicity (p, r). An irreducible A-I? morphism p is a conjugate morphism of the ir- 
reducible p if and only if [pp] contains the trivial sector [id^] as a subsector, and then 
(pp, ids) = 1 = (pp, idyi) automatically [32] . 

The Verlinde algebra is realised in the subfactor models by systems of endomorphisms 
n%n of the hyperfinite type IIL factor N. That is, n%n denotes a finite system of finite 
index irreducible endomorphisms of a factor N in the sense that different elements of 
atAjv are not unitary equivalent, for any A G n%n there is a representative A G n%n 
of the conjugate sector [A], and n%n is closed under composition and subsequent irre- 
ducible decomposition. In the case of WZW models associated to SU (n) at level k, the 
Verlinde algebra is a non-degenerately braided system of endomorphisms n^n, labelled 
by the positive energy representations of the loop group of SU{n)k on a type IIL factor 
N, with fusion rules A/i = @ v N£ v v which exactly match those of the positive energy 
representations [67]. The fusion matrices N\ = [N^ Pt<T are a family of commuting normal 
matrices which give a representation themselves of the fusion rules of the positive energy 
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representations of the loop group of SU(n)k, NxN^ = ~Y1 V N^ V N U . This family {N\} of 
fusion matrices can be simultaneously diagonalised: 

Nx = J2 (13) 

— "3(7,1 

where 1 is the trivial representation, and the eigenvalues S^x/S^i and eigenvectors S a = 
[ScT,^}fi are described by the statistics S matrix. Moreover, there is equality between the 
statistics 5- and T- matrices and the Kac-Peterson modular 5- and T- matrices which 
perform the conformal character transformations [IS], thanks to [33] [32] 157] . 

The key structure in the conformal field theory is the modular invariant partition 
function Z. In the subf actor setting this is realised by a braided subfactor N C M where 
trivial (or permutation) invariants in the ambient factor M when restricted to N yield Z. 
This would mean that the dual canonical endomorphism is in T,(nXn), i-e. decomposes 
as a finite linear combination of endomorphisms in n^n- Indeed if this is the case for 
the inclusion N C M, then the process of a-induction allows us to analyse the modular 
invariant, providing two extensions of A on N to endomorphisms of M, such that the 
matrix Z\ ^ = (a^, a~) is a modular invariant [TO] [7J [22] . 

Let n^m, m%m denote a system of endomorphisms consisting of a choice of rep- 
resentative endomorphism of each irreducible subsector of sectors of the form [At], [tAt] 
respectively, for each A G n<%n, where t : N > M is the inclusion map which we may con- 
sider as an M-N morphism, and t is a representative of its conjugate N-M sector. The 
action of the system n^n on the N-M sectors n%m produces a nimrep (non-negative 
matrix integer representation of the fusion rules) G\G^ = Ylv N\ V G U , whose spectrum 
reproduces exactly the diagonal part of the modular invariant, i.e. 

O a \ 

a ' 

with the spectrum of G\ = {S^x/S^i with multiplicity Z^} [TTJ Theorem 4.16]. The 
labels \i of the non-zero diagonal elements are called the exponents of Z, counting multi- 
plicity. A modular invariant for which there exists a nimrep whose spectrum is described 
by the diagonal part of the invariant is said to be nimble. 

The systems n%n, n^m, m%m are (the irreducible objects of) tensor categories of 
endomorphisms with the Horn-spaces as their morphisms. Thus n%n gives a braided 
modular tensor category, and n%m a module category. The structure of the module cat- 
egory n%m is the same as a tensor functor F from n%n to the category Fwa( N X M , n%m) 
of additive functors from n^m to itself, see [62]. That is, F is essentially the module 
category N X M . 

The classification of 577(2) modular invariants is due to Cappelli, Itzykson and Zuber 
|15j . They label the modular invariant with an ADE graph Q such that the diagonal part 
Z>h,ij, °f the invariant is exactly the multiplicity of the eigenvalue S^ p / S^i of Q, where 1, 
p denote the trivial, fundamental representations respectively. Since these ADE graphs 
can be matched to the affine Dynkin diagrams - the McKay graphs of the representation 
theory of the finite subgroups of 577(2) - di Francesco and Zuber [18] were guided to 
find candidates for classifying graphs for 577(3) modular invariants by first considering 
the McKay graphs of the finite subgroups of SU (3) to produce a candidate list of AVE 
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graphs whose spectra described the diagonal part of the modular invariant. They proposed 
candidates for most of the modular invariants, except for the conjugate invariants A* 
as they restricted themselves to only look for graphs which are three-colourable. In 
the subfactor theory, this is understood in the following way. Suppose N C M is a 
braided subfactor which realises the modular invariant Zg. Evaluating the nimrep G 
at the fundamental representation p, we obtain for the inclusion N C M a matrix G p , 
which is the adjacency matrix for the ADE graph Q which labels the modular invariant. 
Every SU(2) modular invariant is realised, and all nimreps are realised by subfactors 
[59] |60| [70| El El [TOl [11], apart from the tadpole nimreps of the orbifolds of the even A's 
(see e.g. [5] for an explanation of the failure of the tadpole nimreps). Behrend, Pearce, 
Petkova and Zuber [TJ (see also [73]) systematically proposed nimreps as a framework 
for boundary conformal field theory. The N-M system n%m corresponds to boundary 
fields in their language, and the M-M system m%m to defect lines. Bockenhauer and 
Evans [3J understood that nimrep graphs for the SU(3) conjugate invariants were not 
three-colourable. This was also realised simultaneously by Behrend, Pearce, Petkova and 
Zuber [I] and Ocneanu [5U]. The figures for the complete list of the AT>£ graphs are 
given in [TJ [601 EH]. The classification of SU(3) modular invariants was shown to be 
complete by Gannon [35] , and the complete list is given in [26] . Ocneanu claimed [59| 160] 
that all £77(3) modular invariants were realised by subfactors and this was shown in 
[7U| El El Ell El El EH EE]- However, the classification of nimreps is incomplete if one 
relaxes the condition that the nimrep be compatible with a modular invariant [361 E] • 
Ostrik [511 E2] took up a categorical description of subfactor a-induction, see [621 Remark 
14], and this was taken further by Fjelstad, Frohlich, Fuchs, Schweigert and Runkel as a 
categorical framework for conformal field theory. See [31] for a review. 

2.4 Subfactors 

Suppose we have a system of endomorphisms n%n of a type IIIi factor N for SU{n)k, 
k < oo, where p denotes the endomorphism in n%n corresponding to the fundamental 
generator. We can form the tunnel 

• • ■ C ppp(N) C pp(N) C p(N) c N. (15) 

By decomposing the sectors of l,p, pp, ppp, ■ ■ ■ into irreducible sectors we can obtain the 
Bratteli diagram of the higher relative commutants of p(N) C N. If [X^] is an irreducible 
at an even level of the Bratteli diagram and [A^][p] decomposes into irreducibles as 
[A^][p] = ®- =1 [A'''], for irreducible sectors [A^], i = 1, . . . , s, then there is an edge 
from the vertex [X^] in the Bratteli diagram to the vertices [A (i) ], whilst if [A (0) ] is an 
irreducible at an odd level of the Bratteli diagram, we consider instead the decomposition 
of [A(°)][p] into irreducibles. The Bratteli diagram obtained in this way is identical to 
that obtained for the Jones- Wenzl type Hi SU(n) subfactors [69]. The principal graph 
is the bipartite graph constructed by deleting at each level the vertices belonging to the 
old sectors (that is, any vertex at a given level which appeared at a previous level of 
the Bratteli diagram) and the edges emanating from them [39], Definition 4.6.5]. The 
decomposition of the sectors of 1, p, pp, ppp, . . . into irreducibles yields the dual principal 
graph in a similar way. 
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The decomposition of the sectors of the form (pp) m and (pp) m p will not usually produce 
all the irreducible sectors in nX n , so to obtain all the irreducible sectors we also consider 
the decomposition of more general products p m p z into irreducibles, m, I > 0. In this way 
we recover the graph A when n — 2, 3, with vertices labelling the irreducible sectors, and 
the edges representing multiplication by the fundamental generator p. This corresponds 
to idempotent completion in the categorical language of Section 12.51 The principal graph, 
respectively dual principal graph is however only the 0-1, 0-(n — 1) part of the full graph 
A, where the edges are now undirected, and where either would be the entire graph only 
in the case when n = 2 [23] . 

There is an identification between intertwiners and explicit paths on the intertwining 
graph A [33|, [231 Section 3.5]. For a sector [Aj] at an even level in the Bratteli diagram, 
the intertwiners Hom(pAj, Xj) are identified with the edges from [Aj to [Xj] on A, whilst 
for a sector [A^] at an odd level in the Bratteli diagram, the intertwiners Hom(pA^, Xj) are 
identified with the edges from [A^] to [Xj]. Let T(cij) denote an intertwiner labeled by an 
edge cij of A, and for a path x = a\a 2 ■ ■ ■ a s on A, define T(x) := T(ai)T(a 2 ) ■ ■ - T(a s ). 
Then the T(x) are an orthogonal basis of the intertwiners between some endomorphisms. 
The spaces of intertwiners are the Hilbert spaces on which the system n%n acts. In 
this way the spaces Hom(p mi p h ,p m2 p l2 ) of morphisms are identified with the span of all 
pairs (xi,x 2 ) of paths x\, x 2 on A and its opposite graph A op where all the edges of A 
are reversed, where Xj has rrij, lj edges on A, A op respectively, j = 1,2. In particular, 
the algebras Horn (p m p z , p m p l ) are identified with the path algebra (in the usual operator 
algebraic sense [21]) on A, A op . Jones projections Cj jl6] for the tunnel (Tl5|) are identified 
with those in the path algebra on A, A op , where edges are alternately on A and A op 
[23] . The Jones projections in the path algebra are given by the product c*c, where the 
annihilation and creation operators c, c* are defined in Section 12.61 

We now focus on the cases n = 2,3, where for k < oo, q is a (k + n) th root of 
unity. For n = 2, let p = p denote the endomorphism corresponding to the fundamental 
generator of SU{2)i ; . The tunnel ( fl5]) defines Jones projections Cj which generate the 
Temperley-Lieb algebra. The intertwiner space is generated by the Jones projections e^, 
so that Hom(p m ,p m ) = TC m := alg(l, e±, e 2 , . . . e m _i). Jones- Wenzl projections f m = 
1 — e x V • • • V e m _i are given by [55] : 

[m + l] q 

where the quantum integer [m] q is defined by [m] q = (q m — q~ m )/(q — q" 1 )- Here, a V b 
denotes the projection such that Ran(a V b) = Ran(a) + Ran(6) where a, b are projections 
on a Hilbert space. For m < k — 1 < oo, the Jones- Wenzl projection f m is the minimal 
central projection corresponding to the new sector that appears at level m in the Bratteli 
diagram. For the fixed point algebra (<& m M 2 ) su ^ which is equal to the Temperley-Lieb 
algebra with q — 1, the Jones- Wenzl projection f m is the projection on the (m + 1)- 
dimensional representation indexed by m in the intertwiner space Hom(p m ,p m ), where p 
is the fundamental representation of SU(2) on C 2 . 

For n = 3, we take the fundamental generator p of SU(3)k- The Jones projections 
ej, j = 1, . . . , 2m — 1, for the tunnel (Tl5!) are identified with projections in the algebras 
Hom(p m p~ m , p m 'p m ')^ whilst the algebras Hom(p m , p m ) are generated by the /^-Temperley- 
Lieb operators Uj, j = 1, ... ,m — 1. For the fixed point algebra ((S) m M^) su ^ 3 \ there is 
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a generalized Jones- Wenzl projection f( m ,o) which is the projection on the representation 
indexed by A( m) o) in the intertwiner space Hom(p m , p m ), where p is the fundamental 
representation of SU(3) on C 3 . More generally, if we have an y4 2 -Temperley-Lieb algebra 
generated by self-adjoint operators Ui with parameter 5 = q + q~ x , generalized Jones- 
Wenzl projections f( m ,o) (called projectors in [M], also called clasps [S3], magic elements 
[61] ) are defined by [61]: 

/(o,o) = 1, /(i,o) = 1, 

/(m+1,0) = f{m,0) ~ f , il f(rn,0)U m f(m,0)- 

]JTl + i-\q 

Note that the nimrep graph given by the module category n%m is not the principal 
graph for the braided inclusion N C M. The principal graph of a subfactor of index < 4 
can only be A, D cvcn , E§ or Eg, whilst the nimrep graph of a subfactor is any Coxeter- 
Dynkin diagram including -D Q dd an d E 7 . Indeed, the principal graphs of the braided 
inclusions N C M usually have index which exceeds 4, and are those of the Goodman-de 
la Harpe- Jones construction and their generalizations discussed in [391 I2H [26] . The even, 
odd vertices of the ADE graphs are the A-A, B-B systems respectively for a subfactor 
A C B. For the braided SU{2) subfactors, all A n vertices (both even and odd) are 
represented as N-N sectors, and all the vertices of the classifying graph Q appear as 
N-M sectors. 

When we consider modular invariants, their module categories or nimreps, other 
graphs Q will appear. The above intertwining discussion already leads us to the path 
Hilbert space CA, which is the vector space of paths on A, identified with the intertwin- 
ers T(x) where x is a path on A. The module category n^m from a braided inclusion 
N C M yields a nimrep G and we obtain the path Hilbert space CQ, the vector space of 
paths on Q = G p , identified with the intertwiners T(x) where x is now a path on Q. De- 
note by (CQ)j the space of paths of length j on Q. The path Hilbert space CQ is a graded 
algebra where multiplication (CQ)i x (CQ)j —> (CQ)i+j of two paths x G (CQ)i, y G (CQ)j 
is given by concatenation of paths xy, and is defined to be zero if r(x) ^ s(y), where s(x), 
r(x) denote the source, range vertices of the path x respectively. The endomorphisms 
End((C£?)j) on (CQ)j are the |(C^)j| x |(C^) J |-matrices, with rows and columns labeled 
by the paths of length j onQ. The End ((CQ)j) have an algebra structure given by matrix 
multiplication. Thus there are two different notions of path algebra of Q. In the theory of 
operator algebras, the path algebra of Q is usually ® >0 End ((CQ)j) [21]. In this paper 
however, we will work with the graded algebra CQ, as in e.g. [T2] . 

2.5 SU(2) Categorical Approach 

In this section we will describe the Verlinde algebra and fusion rules for SU(2) in the 
diagrammatic and categorical language of the Temperley-Lieb algebra [121 E3 ED US]- 

Let q be real or a root of unity, so that 5 = [2] q is real. Denote by T m ,n the set of all 
planar diagrams consisting of a rectangle with m, n vertices along the top, bottom edge 
respectively, and with (m + n)/2 curves, called strings, inside the rectangle so that each 
vertex is the endpoint of exactly one string, and the strings do not cross each other. Let 
V m ^ n denote the free vector space over C with basis T m ,n- Composition RS of diagrams 
R G T mi ni S G T n , p is given by gluing S vertically below R such that the vertices at 
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Figure 1: diagram Ei G 7^ 



the bottom of i? and the top of S coincide, removing these vertices, and isotoping the 
glued strings if necessary to make them smooth. Any closed loops which may appear are 
removed, contributing a factor of S. The resulting diagram is in T m , P - This composition is 
clearly associative, and composition in V = (J m n >o Vm,n is defined as its linear extension. 
The adjoint R* G T n ,m of a diagram in R G T m , n is given by reflecting R about a horizontal 
line halfway between the top and bottom vertices of the diagram. This action is extended 
conjugate linearly to V. Let Ei denote the diagram in T n : = T n>n illustrated in Figured) 
For 5 > 2 there is an isomorphism V n = TC n given by 5~ 1 Ei — > e^. 

We will now define the Temperley-Lieb category TL as a matrix category TL = 
Mat(C). We begin by defining C to be the tensor category whose objects are projections 
in V n := V n>n , and whose morphisms Hom(pi,p 2 ) between projections Pi G V nv i — 1,2, 
are given by the space p 2 V n2jni pi. We will use fraktur script to denote morphisms. The 
tensor product is defined on the objects and morphisms by horizontal juxtaposition. The 
trivial object ido is the empty diagram which is a projection in V . (The category C 
is the idempotent completion, or Karoubi envelope, of the category whose objects are 
non- negative integers, and whose morphisms are given by V m ^ n .) 

In order to be able to take direct sums, we define the matrix category TL = Mat(C) to 
be the category with objects given by formal direct sums of objects in C, and morphisms 
Hom(pi © • ■ ■ © p ni , qi ffi • • ■ ffi q n2 ) given by n 2 x n\ matrices, where the i, j-ih entry is 
in Hom(pj, qi). The tensor product on TL is given on objects by {p\ © ■ ■ • ffi p ni ) © (q% © 

• ' ' © Qn 2 ) — (Pi © ^i) © (Pi © 92) © ■ • • © (Pm ® 9n 2 ); an & 011 morphisms by the usual 
tensor product on matrices with the tensor product for C on matrix entries. A projection 
p G TL is called simple if (p,p) = 1. 

We write TL n := V n , and p for the identity object in TL\ consisting of a single vertical 
string. Then the identity diagram in TL n , given by n vertical strings, is expressed by 
p n : = © n p. We have dim(TL ) = dim(TLi) = 1 and TL , TL\ have simple projections 
f (the empty diagram), f± = p respectively. Moving to TL 2 , the identity diagram p 2 
is a projection but is not simple, since (p 2 ,p 2 ) = 2. One of these morphisms is the 
identity diagram, the other is (£i = id^. Since E\ = SEi, t\ = 5~ l Ei is a projection. In 
fact, ei is isomorphic to fo, as can be seen from the following isomorphisms i/) : /o — > ei, 
ip* : ei — > fo, where ip = y/[2] q W, and if)* is defined by reflecting ip about its horizontal 
axis. Then we have = fo = id/ and ipip* — t± — id ei , where the morphism ei = <5 _1 €i. 
Since {fo, p 2 ) = 1, where the morphism is given by \J , and (/i,p 2 ) = (by parity), we 
have the decomposition p 2 = /o © /2, where / 2 is a simple projection in TL 2 . In the same 
way, we obtain at each level n that p n is a linear combination of /o, . . . , / n -i plus a new 
projection /„, which turns out to be simple. The morphisms f p = idf p are Jones- Wenzl 
projections, and satisfy a similar recursion relation to (TTBjl . with e m replaced by e m . These 
satisfy the properties [69] : 
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tr(f p ) = [p+l] 



where tr(f p ) is given by connecting the i th string from the left along the top is connected 
to the i th string from the left along the bottom for each i = 1, . . . , p. For p > p' the 
Jones- Wenzl projections also satisfy the property f p (icy <S> f p > (8> id pP _ p '_;) = f p = (id p * (g) 
fp> id pP _p'-i)fp, for any < i < p — p' . The morphisms and objects /, are denoted by 



e«, Xi respectively in [16]. In [56] there is some abuse of notation with both the objects 
and the morphisms given by the Jones- Wenzl projections denoted by /W. 
We have the relation 

f P ® P = fv-i® fv+i- 
This is seen from the isomorphisms if) : f p (g> p —> / p _i © and ip -1 = ip* 



(17) 



where 



/ 



[p+i], 



V fp+i / 



and ^* is defined as the transpose of ip where we replace each entry a in ip by the reflection 
a* of a about its horizontal axis. Then it easy to check using the above properties and 
flTHl) that i>ip* = f p _i © f p+1 = id/ p _ 1 © idf p+1 and ^*-0 = f p © id p = id/ p(8p . Suppose that 
we have obtained simple projections / p for < p < n, and we obtain a new projection 
fn+i at level n + 1 as above. From the relation (|T7|) we obtain the decomposition 



LP/2J 

e 

3=0 



P 
J 



where 



V 
J 



Cj — Cj_i for binomial coefficients CJ, < p < n. Then from the relation 



( |T71) with p = n we obtain the decomposition ( TT8l) with p = 

" n + 1 



L(n+l)/2j 




J 



n + 1. Since / p is simple for 

~ 1 — (/n+l) /n+l) + C„ — 1, 



< p < n, (p^ 1 , p^ 1 ) = (/ n+1 , / n+1 ) + 

where c n = C^ n / (n + 1) is the n th Catalan number, which gives the dimension of TL n in 
the generic case. Thus we see that (/ n +i,/ n +i) = 1, so that f n+1 is indeed simple. 

In the generic case, 5 > 2, the Temperley-Lieb category TL is semisimple, that is, 
every projection is a direct sum of simple projections, and for any pair of non-isomorphic 
simple projections pi, P2 we have (pi,P2) = 0. We recover the infinite Dynkin diagram 
Aoo, where vertices are labeled by the projections fi and edges represent tensoring by p. 
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In the non-generic case, 5 = [2] q < 2, where q is a k + 2 th root of unity, we have 
[k + 2] q = 0. Then tr(f fc+1 ) = [k + 2] q = 0. Thus the negligible morphisms are those in the 
unique proper tensor ideal in the Temperley-Lieb category generated by f k+ i [3D]. The 
quotient TL^ := TL/ (ffc+i) is semisimple with simple objects / = id , fi — p, /2, • • • , fk 
which satisfy the fusion rules ( 1T7|) for p < k, and fk® P — fk-i- Thus we recover the 
Dynkin diagram Af.+i, where the vertices are labeled by the projections fi and edges 
represent tensoring by p. 

2.6 SU(2) module categories 

In this section we describe SU(2) module categories in terms of preprojective alge- 
bras. Then in the subsequent Section 12.71 we relate this to braided subfactors using 
the Goodman-de la Harpe- Jones construction [391 I2H E] and its manifestation in the 
bipartite graph planar algebra construction |47j . 

As usual n%n w iH be a braided system of endomorphisms on a factor N, and N C M 
will be a braided inclusion with classifying graph Q = G p , of ADE type, arising from the 
nimrep G of n%n acting on n%m- Denote by Qo, Q\ the vertices, edges of Q respectively. 
The graph Q is directed, and for every edge a G Q\ from vertex i to j, there is a unique 
reverse edge a G Q\ from j to i. As described in Section 12. 4[ the irreducible sectors in 
n%n label the vertices of the Dynkin diagram A k+ i, and the edges of A k+ i represent 
multiplication by the fundamental generator, and the irreducible endomorphisms satisfy 
the same fusion rules as the projections fi in the category TL^ k \ We will use Aj to denote 
endomorphisms in n^n, whilst fi will denote the abstract object in the category TL^ k \ 

Semisimple module categories over C q (where C q = TL for q = ±1 or q not a root 
of unity, and C q = TL^ when q is an k + 2 th root of unity) where classified in [2T] : 
A semisimple C^-module category D is abelian, and is equivalent as an abelian category 
to the category Aij of /-graded vector spaces, where I are the (isomorphism classes of) 
simple objects of V. The structure of a C g -module category on M.i is the same as a tensor 
functor F from C q to Fun(A^/, Aii) = Mi x i, the category of additive functors from Aii 
to itself. Thus the module category T> = gives rise to a monoidal functor F from 

the Temperley-Lieb category TL^ to Fun( N X M , N X M ), given by 



where A = X p is an irreducible endomorphism in n^n identified naturally with the Jones- 
Wenzl projection / = f p . The Cy are 1-dimensional R-R bimodules, where R = (C^)o- 
The category of R-R bimodules has a natural monoidal structure given by £g>#, or more 



explicitly, ® r EW = ® hke g (E^ ® R E^) hk , where (£« ® R E^\ k = 0^(4; ® 
Efl) for all R-R bimodules E^ = i j € g Q E^j , r = 1,2. Then we have R-R bimodules 

Hp) = *g{iJ)Cij = ( c ^)i and Hf^) = ® m (c^)i = (cg) m . 



The set of all edges a form a basis for (CQ)i. The functor F is defined on the morphisms 
of TL by specifying annihilation and creation operators c, c* respectively [5H Section 4]: 



F{f)= G x (i,j)C 



(19) 



c(ab) 



4., 



s(a), 



(20) 



a 
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c*(z) = Yl *7=^> (21) 

where (fij)j is the Perron- Frobenius eigenvector for the Perron- Frobenius eigenvalue 5 of 
g. Then we set F (W) = c*, F (^) = c. 

Let £ be the graded algebra £ = ©p*L -^(/p)) wh ere the p th graded part is £ p = 
F(fp) = F(\ p ). The multiplication \i is defined by fi p j = F(f p+ i) : £ p ®r £; — > £ p+ /. 

Preprojective algebras associated to graphs were introduced in [37], and it was shown 
that they are finite dimensional if and only if the graphs are of ADE type. They 
have since found many other applications, including to Kleinian singularities p2] and 
to Nakajima's quiver varieties [55]. The preprojective algebra of Q is the graded al- 
gebra defined by n = C£/(Im (F (W))), where (Im(F(W))) C CQ is the two-sided 
ideal generated by the image of the creation operators W in CQ. Its p th graded part is 
U p = (C£) p /(Im(F(V))) p , where (Im(F(w))) p is the restriction of (Im(F(w))) to 
(CC?) P , which is equal to J^^Tj 1 Im(F(cj)), the linear span of the images in CQ P of the 
morphisms e« = id er 

Now (Cg) p /^Jrllm(F(ci)) = (Cg) p /lm(F(t 1 ) V ••• V F(e p _i)) is isomorphic to 
ker(F(ci) V ■ ■ • V F(e p _i)) = Im(l - F(ci) V • • • V F(e p _i)) = Im(F(f p )). These are 
the essential paths EssPath p = ker(F(ei) V ■ ■ • V F(c p _i)) of Ocneanu [58], and we have 

p-i 

n p = (C^ p /^Im(F(e,)) = Im(F(f p )) = F(f p ) = £ p . 
i=i 

The isomorphism if : £ p — > IT P is given by the natural inclusion of £ p in (Cg) p , then 
passing to the quotient (Cg) p / (Im (F ( W))) p = n p . That <p is an isomorphism as algebras 
is seen as follows, see [T6| Proposition 5.5.6]. Since the quotient map n : Cg — > II is an 
algebra homomorphism, the multiplication of the images of £ r and £ s in II is equal to the 
multiplication of F(f r ) and F(f s ) in Cg and then taking the quotient. Now the image 
of // ns (£ r © £ s ) in C(? is F(f r+S ), which is equal to the image of the multiple of F(f r ) 
and F(f s ) in Cg under F(f r+S ), since f p (p* <S> f p > <S> f?~ p ~ l ) = f p for any < i < p — p', 
p' < P- Since f r+s = id p r+ s + 0, where is a linear combination of e^, we see that 
lm(F((f))) C (Im (F (^))) so that n o F(f r+S ) = 7T. Thus <p is an algebra homomorphism. 

Applying the functor F to the construction in Section 12.51 we obtain the identification 
F(f P ) ® R F(p) = © F(/ p+1 ), which yields 

£ p ®k(C0)i ^E p _i©E p+ i. (22) 

Let A be the graded coalgebra A = F(/ )©F(/i)eF(/ ) = (C£) © (C0)i © (C0) o with 
comultiplication A, where A^i : A2 — > Ai ©5 Ai is given by A^i = F (V_7) and the other 
comultiplications are trivial [16]. Let 5 = [2] q and suppose [m] q ^ for all m < n for 
some n G N. Then for all p < n — 2 we obtain the following exact sequence: 

— ► £ p _! ©^ A 2 — -> £ p ©^ Ax — )• £ p+1 ©^ A — ->• 0, (23) 

where the connecting maps are given by the Koszul differential, the composite map d Pt i = 
(/i P) i®l)o(l®Ai iI _ 1 ) : E p (8) fl A, Ep^Ai^flAj.i = £ p ®ji£i®flA t _i £ p+1 © fl Aj_i. 
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Thus for 5 = [2] q < 2, where q is a k + 2 th root of unity, we have S = 0^ =o F(f p ), 
since / p = in TL^ for p > k + 1. This means that Im(F(ci) V ■ • • V P(e fc )) = (C£) fc+ i. 
The short exact sequence fl23l) degenerates for p = k to give — > ®r A 2 — > 

SfcC^^A! — > 0, and we see that the pair (II, A) is almost Koszul, in the sense of [13], where 
the preprojective algebra II is a (k, 2)-Koszul algebra [131 Corollary 4.3] [T61 Corollary 
5.6.16]. 

In the generic case, 5 > 2, there is an analogous pair (II, A) which is Koszul [13], where 
Koszul duality is a generalization of the duality between symmetric and antisymmetric 
algebras. 



2.7 Bipartite graph planar algebras and the GHJ construction 

Jones [UJ introduced the graph planar algebra construction for a bipartite graph Q. We 
will show that the functor F defined in (fT9l) recovers this bipartite graph planar algebra 
construction. 

The planar algebra P e of a finite bipartite graph Q, introduced in (57J, is the path 
algebra on Q where paths may start at any of the even vertices of Q, and where the m th 
graded part P^ is given by all pairs of paths of length m on Q which start at the same 
even vertex and have the same end vertex. Let V be the set of tangles in a disc with an 
even number of vertices on its outer disc, and a finite number of internal discs, each with 
an even number of vertices, such that each vertex is an endpoint of a string. Internal 
discs with 2m vertices on their boundary are labeled by elements of P^. The presenting 
map Z : V — > P g is defined uniquely (UJ Theorem 3.1], up to isotopy, by first isotoping 
the strings of a tangle T with internal discs in such a way that T may be divided into 
horizontal strips where in each strip only cups, caps, internal discs or through strings 
appear. Then each cup, cap is given by the local operators fT2"TT) . (12"D|) respectively, which 
operate on the elements of P g inserted in the internal discs, and the outer boundary of 
the tangle T yields an element of P e . The planar algebra P s is a planar *-algebra, with 
♦-operation defined on matrix units by (xx,X2)* = (x2,xi). The ^-structure on a tangle 
T is given by reflecting about a horizontal line which bisects T, and replacing every label 
of T by its adjoint. The tangles Ei in Figured] are thus self-adjoint. 

We have a tower of algebras Pq C P-f C P 2 e C • • • , where the inclusion P^ C P„ +1 
is given by the graph Q. There is a positive definite inner product defined from the trace 
on P g . We have the inclusion P^ := Z(V m ) C P^ for each m, and a double sequence 

P o c Pf c Pi c ■•• 

n n n 

P g C Pf C Pf c ••• 

Then P := Z(V) is the embedding of the Temperley-Lieb algebra into the path algebra of 
Q, which is used to construct the Goodman-de la Harpe- Jones (GHJ) subfactors [39] . Let 
P Q denote the von Neumann algebra GNS-completion of P s with respect to the trace. 
Then for q = Z(*g) the minimal projection in Pf corresponding to the distinguished 
vertex *g of Q with lowest Perron-Frobenius weight, we have an inclusion gP C qP s q 
which gives the Goodman-de la Harpe- Jones subfactor Na C Ng, where N' A D Ng = 
qP$q = C. 
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Figure 2: A 2 webs 



The limit of the sequence of inclusions 

P e C P? C P§ C ••• 

n n n 
Pf c Pf c P 3 g c ■■• 

gives a subfactor A'g C Mg in a similar way. 

Thus we obtain a commuting square of inclusions [39] : 

C iVg 

n n (24) 

Ma C M g 

This commuting square allows us to compute the dual canonical endomorphism 9 of 
the GHJ subfactor, from which we construct the nimrep graph Q = G p [IT] . 

Since the functor P in Section [2T61 is defined by the annihilation and creation operators 
in (12 Op . (12ip . we see that P is equivalent to the presenting map Z above. The embedding 
P A C P s is given by the image under P of the morphisms in the Temperley-Lieb category. 



2.8 577(3) Categorical Approach 

In this section we describe the Verlinde algebra and fusion rules for SU(3) in the dia- 
grammatic and categorical language of Kuperberg spiders [531 [23 EE], namely the A 2 - 
Temperley-Lieb category. 

Let q be real or a root of unity, so that 5 = [2] q is real. The v4 2 -Temperley-Lieb alge- 
bra is the generalized Temperley-Lieb algebra generated by a family {Uj} of self-adjoint 
operators which satisfy the relations H1-H3 and the vanishing of the g-antisymmetrizer 
for SU(3) which gives ( TT2|) . 

We call a vertex a source vertex if the string attached to it has orientation away 
from the vertex. Similarly, a sink vertex will be a vertex where the string attached has 
orientation towards the vertex. A string s is a sequence of signs +, — . For two (possibly 
empty) strings si, s 2 , an A 2 -S\, s 2 -tangle T is a tangle on a rectangle with strings S\, s 2 
along the top, bottom edges respectively, generated by A 2 webs (see Figure [2]) such that 
every free end of T is attached to a vertex along the top or bottom of the rectangle in a 
way that respects the orientation of the strings, every vertex has a string attached to it, 
and the tangle contains no closed loops or elliptic faces. Along the top edge the points 
+ are source vertices and — are sink vertices, while along the bottom edge the roles are 
reversed. We define the vector space V^ 2 S2 to be the free vector space over C with basis 

We define V^ 2 S2 to be the quotient of V^ 2 S2 by the Kuperberg ideal generated by the 
Kuperberg relations K1-K3 below. That is, composition in V^ 2 S2 is defined as follows. 
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12 i-l i i+1 i+2 n 




12 ;"-l i i+l (+2 n 

Figure 3: The tangle W { G V^ 2 . 

The composition RS G of an A 2 -Si, S2-tangle i? and an A2-S2, S3-tangle S is given 

by gluing S vertically below R such that the vertices at the bottom of R and the top 
of S coincide, removing these vertices, and isotoping the glued strings if necessary to 
make them smooth. Any closed loops which may appear are removed, contributing a 
factor of a = [3] q , as in relation Kl below. Any elliptic faces that appear are removed 
using relations K2, K3 below. The composition is associative and is extended linearly to 
elements in V. Aa . . 

* 1 3*2 




There is a braiding on Vf 2 S2 , defined locally by the following linear combinations of 
local diagrams in Vf 2 S2 (see [531 Ell), f° r an y 1 e 




The braiding satisfies type II and type III Reidemeister moves, and a braiding fusion 
relation [27J Equations (8), (9)], provided 5 = [2] q and a = [3] q . 

Thus it is sufficient to work over V^ n ^ m ,^ := V^_ n ,_„,, where + k - 1 is the string 
of k signs + followed by / signs — , since, for any arbitrary string s with m signs + and n 
signs — and string s' with vnl signs + and n' signs — , there is an isomorphism t between 
Vf^i and V^ n x n n given by using the braiding to permute the order of the signs in s to 
+' m — n , and the inverse braiding to permute the order of the signs in s' to + m '— n ' . 

A diagrammatic representation of the Hecke algebra for SU(3) is as follows: Let 
Wi G V^ 2 := V/^ o w m0 ) be the tangle illustrated in Figure El A *-operation can be 
defined on V^ 2 , where for an m-tangle T G T^ 2 , T* is the m-tangle obtained by reflecting 
T about a horizontal line halfway between the top and bottom vertices of the tangle, 
and reversing the orientations on every string. Then * on V^ 2 is the conjugate linear 
extension of * on T^ 2 . For 5 G K. (so q G R or q a root of unity), the *-operation 
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leaves the Kuperberg ideal invariant due to the symmetry of the relations K1-K3. For 
mGNU {0} we define the algebra A 2 -TL m to be alg(id m , Wi\i = 1, . . . , m — 1), where id m 
is the identity diagram given by m vertical strings, and lu, is the image of Wi G V^ 2 in 
the quotient space V^ 2 := K m 2 w m0 y The iDj's in A 2 -TL m are clearly self-adjoint, and 
satisfy the relations H1-H3 and (pjzj [27] - 

Diagrammatically, the generalized Jones- Wenzl projections f( m ,o) of Section 12.41 are 
given as follows: /(i j0 ) is given by a single vertical string in 7^1, whilst /( m)0 ) G V" ( ^ 2 0)j(m 0) 
is defined inductively by [Ml (2.1.0)-(2.1.2)]: 



t 

/(m+1,0) 



j 

f(m,0) 



m-l 



[m+1], m " 2 



t t 

f(m,0) 

: 

f(m,0) 

TT 



(26) 



The generalized Jones- Wenzl projections / (m>n ) G V (m 2 n) := V (m 2 n)i(mn) 
inductively by [Ml (2.1.7)]: 



are defined 



k i 

f{m.+\.n) 
n m+1 



f {m,n) 



[m+1], 



k i t 

■/ (m,n) 



EH 



ill 



(m , n) 



m , ??.) 



n m-2 



[m]J>ra+n+l] 



(m.fi ) 



TTT, 

n-1 m-l 



(27) 



We will define the 74 2 -Temperley-Lieb category by A 2 -TL = Mat(C" 42 ), where C Ai 
is the tensor category whose objects are projections in VL^ n %, and whose morphisms 

1,2. We write 



P2V ( M 



w for projections G V, 2 z 

(m2,n2),(mi ,n\)^ L ' J ^ {n^i,ni) , 



are Horn(pi,p 2 ) 

A 2 -TL( mjn) = V ( ^ 2 n) , and p, p for the identity projections in A 2 -TL( 1)0 ), t4 2 -TL( ,i) re- 
spectively consisting of a single string with orientation downwards, upwards respectively. 
Then the identity diagram in A 2 -TL( m ^, given by m + n vertical strings where the first 
m strings have downwards orientation and the next n have upwards orientation, is ex- 



pressed as p m p n . We have dim(A 2 -TL 



(0,0), 



dim(A 2 -TL 



(1.0); 



dim(A 2 -TL( 0) i)) = 1 and 
A 2 -TL(p t0 -), t4 2 -TL( 10 ) and A 2 -TL(o,i) have simple projections /(o,o) (the empty diagram), 
/(i,o) — P an d /(o,i) = P respectively. Moving to level 2, that is, A 2 -TL^ k ^ such that 
k + / = 2, consider first A 2 -TL( 2 y The identity diagram p 2 is a projection but is not 
simple, since (p 2 ,p 2 ) = 2. One of these morphisms is the identity diagram, the other is 
id TO1 . Now u\ = 5~ l Wi is a projection, isomorphic to /(o,i), as can be seen from 



tt>i 



\/8 V. Then 



we 



the isomorphisms ip : /( ,i) — > U\ and ij)* : U\ — > /(o,i), where ip 
have if)if)* = Ui = id Ul , = f(o,i) = id/ (01) - Since (/(o,i),p 2 ) = 1, where the morphism 
is given by V , and (/',p 2 ) = for /' = /(o,o) > /(i,o) (by parity), we have the decom- 
position p 2 = /( ,i) © /(2,o)j where /( 2)0 ) is a simple projection in A 2 -TX( 2;0 ). Similarly, 
p 2 = /(i )0 ) © /(o,2)> where /(o,2) is a simple projection in A 2 -TL( ,2)- Finally at level 2 
consider A 2 -TL(i j i). The simple projection ei := a~ x E\ G Hom(p © p, p © p) is isomor- 
phic to /(o,o)> as in the SU(2) case (see Section 1231) . Since (/(o,o)?P © p) = 1, where the 
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morphism is given by \J , and (/', p ® p) = for /' = /(i,o), /(o,i) (by P ar ity), we have 
the decomposition p®~p = /(o,o) © where f(i t i) is a simple projection in A 2 -TL^iy 
In the same way, we obtain we obtain at each level that p m ~p n is a linear combination 
of /(jj) for i, j > 0, < i+j < m + n such that i—j = m — n mod 3, plus a new projection 
f(m,n), which turns out to be simple. The morphisms = id/, „ are generalized Jones- 
Wenzl projections which satisfy the recursion relations (|26|) and (|27|) . These satisfy the 
properties [M] : 



r> i i i 




i r> i i 




i i i r~\ 

f(p,i) 



= 























f(p.l) 


= 



tr (f( P> 



[p+l+U[pl 



IT 



[p + l] q [l + l] q [p + l + 2] q 



where tr is defined as in Section 12.51 For p > p' and I > I', these generalized Jones- 
Wenzl projections also satisfy the property f(p,;)(id pi ^ (g> f^/) <g> id^-p^y-!'-,) = f^) = 
(id p y <g> f(p/ )Z /) <g> id^-p'-y-i'-^f^,;), for any < i < p - p', < j < I - I'. This property 
also holds if we conjugate either or id pi p ® f(j,',i') © id pP ^ p /^i-i-i>-j by any braiding. 
We have the relations 



f(p,i) ® P — /(p,z-i) © f{ P -i,i+i) © /(p+i,0) 



(2? 



given by the isomorphisms V : /(p,Q © P ffai-i) © /(p-1,1+1) © /(p+i,0> and V 1 = ^* 
where 

/ " 1 \ 

/ frH+l],[Z], 
\[p+l+2] q [l+l\ 



(p.i) 



i-i i P i 



i i p-i 

+ i i 



f(p-U+l) 



Up+i] 9 




ffeO 



I p-l ] I 



TTT 

f(p+i,0 
19 



(29) 



Then it easy to check using the above properties and ( 1271) that ijjijj* = f( P) i-i) ffif( P -i,z+i) © 
ffa+ij) an d = f(p,i) © Similarly we have 

/(p,0 ® P — /(p-1,0 © /(p+i.J-1) © f(p,i+i), (3°) 

so the /(p^) satisfy the fusion rules for SU (3), given in (jlj). Suppose that we have obtained 
simple projections f^j) for < p + I < n, and we obtain a new projection at 
level n + 1 as above, for some < j < n + 1. From the relation (128]) with p = j , I = n — j 
and from dimension considerations we see that (/(j jn _ J+1 ), f(j, n -j+i)) = 1, so that /(j jn _ J+ i) 
is indeed simple. 

In the generic case, 5 > 2, the v4 2 -Temperley-Lieb category A 2 -TL is semisimple and 
for any pair of non-isomorphic simple projections pi, p<i we have (pi,P2) = 0. We recover 
the infinite graph A^°°\ where the vertices are labeled by the projections f( P: i) and the 
edges represent tensoring by p. 

In the non-generic case where q is a k + 3 th root of unity, we have tr(f( p n) = for 
p + i = k + 1. By ([27]), f (pV /) = for all p', V > k + 2 if f W) = for p + Z = k + 1. Thus 
the negligible morphisms are the ideal (f( p ,z)|p + / = + 1) generated by f^j) such that 
p + I — k + 1. The quotient y^-TL^ := A2-TL/ (f(p,i)\p + I — k + 1) is semisimple with 
simple objects /(p,z), p, / > such that p + I < k which satisfy the fusion rules ( 128]) and 
(130]) . where /(py) is understood to be zero if p' < 0, I' < or pi + I' > k + 1. Thus we 
recover the graph ^4^ fc+3 ), where the vertices are labeled by the projections fi^^ and the 
edges represent tensoring by p. 



2.9 SU(3) module categories 

In this section we describe 577(3) module categories in terms of certain algebras of paths. 
Then in the subsequent Section [2. 101 we relate this to braided subfactors using the S77(3) 
Goodman-de la Harpe- Jones construction and its manifestation in the SU (3)-graph 
planar algebra construction [2"g] . 

As usual n%n = {^(p,ol < pj,p + I < k < 00} will be braided system of endomor- 
phisms of SU(3)k on a factor N, and N C M will be a braided inclusion with classifying 
graph Q = G p , of AVE type, arising from the nimrep G of n%n acting on n^m- Then the 
module category gives rise to a monoidal functor F from the 74 2 -Temperley-Lieb category 
A 2 -TL(Q to Fvai( N X M , N X M ), where F is given by ( II 9p . where now A = X( Pt i) is an ir- 
reducible endomorphism in nXn identified with the generalized Jones- Wenzl projections 
/ = f(p,i)- We denote by Q op the opposite graph of Q obtained by reversing the orientation 
of every edge of Q. Then we have that F(p m ~p n ) is the R-R bimodule with basis given by 
all paths of length m + n on Q, Q op , where the first m edges are on Q and the last n edges 
are on Q op , where R = (CG) . In particular F(p m ) = (CQ) m . 

If a G Q\ is an edge on Q, we denote by a 6 Q° p the corresponding edge with opposite 
orientation on Q op . We define annihilation operators q, c r by: 



d(ab) = 5 s f a ), s (b)—^=s(a), c T (ba) = 6r(a),r(b)—^=r(a), (31) 

and creation operators c^, c* as their adjoints, where a is an edge on Q and b an edge on 
Q op , and {fij)j is the Perron- Frobenius eigenvector for the Perron- Frobenius eigenvalue a 
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v V ^ 

Figure 4: left and right cups; left and right caps 



V V A A 

Figure 5: incoming and outgoing Y-forks; incoming and outgoing inverted Y- forks 



of Q. Define the following fork operators Y, Y by: 

Y (a) = 1 V W(A {a / b ^\ (h Mb, (32) 

Y (a) = -^^E^fcttU))^, (33) 

where A^A , bi -> denotes the closed loop of length 3 on Q along the edges a, h\ and 
62, and W(A) are the Ocneanu cells on Q constructed in [25]. We also define X = Y* 
and X = Y*. Then the functor F is defined on the morphisms of A 2 -TL by assigning 
the following operators to the morphisms given in Figures H] and |5j to the left, right caps 
the annihilation operators q, c r respectively, given by (I3ip . to the left, right cups the 
creation operators c*, c* respectively, to the incoming, outgoing Y-forks the operators Y, 
Y respectively given in ( )32|) . ( )33|) . and to the incoming, outgoing inverted Y-forks the 
operators A, X respectively 

Let £ be the graded algebra S = ©„*L F(f(j t) o)), where the p th graded part is £ p = 
F (f(p,o)) = F (\ P ,o))- The multiplication fx is defined by ^ P)J = F(f {p+ i fi) ) : £ p <g) fl ->■ 
£ p+/ , where f (p , = id /(pi) . 

We define a graded algebra n by n = C£/(Im(F(V))), where (Im(F(V))} c CQ 
is the two-sided ideal generated by the image of the operators V in CQ. Its p th graded 
part is U p = (C£) p /(Im(F( V))) p , where (Im(F(V))) p is the restriction of (Im(F(V))) 
to (CQ) P , which is equal to Y^i=i Im(i 7 '(lt()) , the union of the images on CQ P of the 
morphisms iii = id^ . 

The quotient (CQ) P / ^Xi Im(F(iLj) = (C^) p /Im(F(ili) V- • -VF^i)) is isomorphic 
to ker(F(ili) V • • • V F(il p _ 1 )). Clearly ker(F(Hi) V • ■ ■ V F(Kp_i)) D Im(F(f (Pj0) )) since 
^if(p,o) = for z = 1, . . . ,p — 1. For a e ker(F(ili) V • ■ ■ V F(H p _ 1 )), a = a • F(f( Pj0 )) since 
the only term in f( p> o) which does not contain a ilj is the identity, which has coefficient 1. 
Thus a E Im(F(f (Pi0) )) so ker(F(Hi) v " " ' v F (^p-i)) = M^(f( P ,o)))- 

Then we have 

p-i 

n P = (cgy £ im(F(^)) = MF(f m )) = f(/ (Pi0) ) = s p . (34) 
i=i 

The isomorphism is given by the natural inclusion of S p in (CQ) P , then passing to the 
quotient (C£) p /(Im(F( V))) p = U p . That this map is an isomorphism as algebras follows 
by an analogous argument to that in the SU(2) case [161 Theorem 7.3.5]. 
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Applying the functor F to the construction in Section [2781 we obtain the identifications 
F(f m ) ® R F(p) = © F(/(p_ 1)I+1) ) © F(/ (p+M) ) and F(/ (p _ 2j/) ) ® R F(p) = 

F(f [p -2,i)) © ^(/(p.i-1)) © W( P -i,z+i)), which yield when / = 0: 

S p © fi (C0)i = F(/ (p -i,i)) © Sp+i, (35) 
®R ( C ^° P )i - © ^(/(p-i,!))- (36) 

Let A be the graded coalgebra A = F(/ (0 , 0) ) © F(f m ) © F(/(o,i)) © ^(/(o,o)) = (C0)o © 
(C^)i © (C£ op )i © {Cg) . The comultiplication is A is given by Ai,i = F(V) : A 2 -> 
Ai © R Ai, Ai j2 = F(V) : A 3 ->■ Ai © R A 2 , A 2 ,i = F(V) : A 3 -> A 2 ©_r Ai, and the other 
co multiplications are trivial. Let S = [2] q and suppose [m] q ^ for all m < n for some 
neN. Then for all p < n — 3 we obtain the following exact sequences: 

— > ^ £ p © R Ax -A £ p+1 © R A — > 0, (37) 

— »• £ p _ 2 ©^ A 3 A S p _x ©/j A 2 F(f ^4' 1)) — > 0, (38) 

where ^ = (^) is the isomorphism given in (1291) and <i is the Koszul differential defined 
in Section 12.61 These sequences can be combined to give another exact sequence: 

— ► £ p _ 2 ® R A 3 — ► © R A 2 — > £ p ©^ Ai — > S p+1 ©^ A — > 0, (39) 

where now all the connecting maps are given by the Koszul differential d. 

Thus when q is a k + 3 th root of unity, we have £ = © p=0 F(/( P)0 )), since /( Pi0 ) = in 
A 2 -TL^ for p > k + 1. This means that Im(F(ili) V • • • V F(il fc )) = (C£) fc+ i. The exact 
sequence (1591 degenerates for p = to give — > Sfc_ 2 ®r A 3 — £*._! ©# A 2 — )• S fc ©^ 
Ai — )■ 0, and for p = k + 1 it degenerates to give — S^-i ©if. A 3 — )■ S fe © R A 2 — )• 0. 
Then we see that the pair (II, A) is almost Koszul, where the algebra IT is a (k, 3)-Koszul 
algebra [161 Corollary 7.4.19]. 

In the generic case, 5 > 2, there is an analogous pair (LT, A) which is Koszul [161 
Corollary 7.3.9]. 

The isomorphism between the two algebras LT and £ is a key ingredient in the deter- 
mination of the Hilbert series in Section [31 

2.10 S£/(3)-graph planar algebras and the S77(3)-GHJ construc- 
tion 

In [28] we introduced the 7l 2 -graph planar algebra construction for an 577(3) AT>£ graph 
Q. The A 2 -graph planar algebra P G of an SU(3) AT>£ graph Q is the path algebra on Q 
and Q op . We will show that the functor F defined in Section [2791 recovers this A 2 -graph 
planar algebra construction. 

The presenting map Z : V — > P g is defined uniquely [2S1 Theorem 5.1], up to isotopy, 
by first isotoping the strings of T in such a way that the diagram T may be divided into 
horizontal strips so that each horizontal strip only contains the following elements: a (left 
or right) cup, a (left or right) cap, an (incoming or outgoing) Y-fork, or an (incoming 
or outgoing) inverted Y-fork, see Figures @] and [51 Then Z assigns to the left, right caps 
the annihilation operators q, c r respectively, given by (IHTj) . to the left, right cups the 
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creation operators c*, c* respectively, to the incoming, outgoing Y- forks the operators Y, 
Y respectively given in ( 132]) . ( 133]) . and to the incoming, outgoing inverted Y-forks the 
operators X, X respectively. 

We have a tower of algebras Pq C Pq X C Pq 2 C • • • , where the inclusion P^ n C P„ +1 
is given by the m-(m + 1) part of the graph Q. There is a positive definite inner product 
defined from the trace on P g . We have the inclusion PQ m := Z(V^ 2 ) C Pg m for each m, 
and we have a double sequence 

p0 p0 f- p0 r - 

-^0,0 ^0,1 ^0,2 

n n n 

Then P" := Z(V A2 ) is the embedding of the ^-Temperley-Lieb algebra into the path 
algebra of Q, which is used to construct the A 2 -Goodman-de la Harpe-Jones subfactors 
|26j . Let P g denote the GNS-completion of P g with respect to the trace. Then for 
q = Z(*g) the minimal projection in P$ corresponding to the vertex *g of Q, we have an 
inclusion qp C qP g q which gives the y4 2 -Goodman-de la Harpe-Jones subfactor Y4 C 
Ng, where N' A nNg = qP^ q = C and the sequence {qP$ m C P(f m }m is a periodic sequence 
of commuting squares of period 3, in the sense of Wenzl in [69] . 

Thus we obtain a commuting square of inclusions as in (12^]) . which allows us to compute 
the dual canonical endomorphism 9 of the A 2 -Goodman-de la Harpe-Jones subfactor, from 
which we construct the nimrep graph Q = G p \26\ . 

Since the functor F in Section [2T9l is defined by the annihilation and creation operators 
given by ( l3~Ti) . and the incoming, outgoing (inverted) Y-fork operators given in ( 132]) . ( 133]) . 
we see that F is equivalent to the presenting map Z above. The embedding P A C P s is 
given by the image under F of the morphisms in the /L 2 -Temperley-Lieb category. 



3 Hilbert series of the almost Calabi-Yau algebras 

In Section [331 we introduce an algebra A(Q, W) associated to a finite graph Q (an SU(3) 
AT>£ graph or the McKay graph Q-p of finite subgroup V C SU(3)) which carries a cell 
system W. In the case where Q is an SU (3) AT>£ graph, these algebras are called almost 
Calabi-Yau algebras and are shown to be isomorphic to the almost Koszul algebras n of 
Section 1231 We will determine a formula for the Hilbert series which counts the dimensions 
of these algebras in Section 13.21 

3.1 The algebras A(Q,W) 

In this section we introduce the algebra A(Q, W) associated to a finite graph Q which 
carries a cell system W. 

For any finite directed graph Q, let [CQ, CQ] denote the subspace of CQ spanned by 
all commutators of the form xy — yx, for x, y 6 CQ. If x, y are paths in CQ such that 
r(x) = s(y) but r(y) 7^ s(x), then xy — yx = xy, so in the quotient CQ/[CQ,CQ] the 
path xy will be zero. Then any non-cyclic path, i.e. any path x such that r(x) 7^ s(x), 
will be zero in CQ/[CQ, CQ]. If x = a,a 2 ■ ■ • is a cyclic path in CQ, then a\a 2 - • • a* — 
afcai • ■ ■ afc_i = in CQ /[CQ, CQ], so a,a 2 • • • is identified with a^ai ■ ■ • dk-i- Similarly, 
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x = aia2 • ■ ■ Ofe is identified with every cyclic permutation of the edges j — 1, . . . , k. 
So the commutator quotient C£?/[C£?, C£?] may be identified, up to cyclic permutation of 
the arrows, with the vector space spanned by cyclic paths in Q. One defines a derivation 
d a '■ C£//[C£/, CQ] —> CQ by d a {a\ ■ ■ ■ a n ) = . a J+ i ■ ■ • a n a\ ■ ■ ■ Oj-i, where the summation 
is over all indices j such that a,j = a. Then for a potential $ G C£//[CC?, CC?], which is 
some linear combination of cyclic paths in Q, we define the algebra 

A(cg,$) = cg/{p a ), 

which is the quotient of the path algebra by the two-sided ideal generated by the relations 
p a = <9 a $ G CQ, for all edges a of Q. If $ is homogeneous, we define the Hilbert series 
Ha for A(Cg,G>) as HA(t) = X^lo-^j^ P > wnere the H v - { are matrices which count the 
dimension of the subspace {ixj\ x G A(CG, $) p }, where A(Cg, $) p is the subspace of 
j4(C£7, $) of all paths of length p, and i,j G A(C£, $) . 

Suppose A(Cg, $) is a Calabi-Yau algebra of dimension d = 3 and that deg $ = 3, 
that is, $ is a linear combination of cyclic paths of length 3 on ^. Then HA{t) is given 
by © fJJ Theorem 4.6]. 

For g an SU(3) AT>£ graph or the McKay graph g-p of a finite subgroup T C SU(3), 
we define a homogeneous potential $ by [Ml Remark 4.5.7]: 

*= E W (^%Ac)) ■ A l(&,(c) eCe/fC^Ce], (40) 

for a cell system [59], and we will denote by A(g, W) the algebra A(Cg, $). 

Now let g be an SU(3) AVE graph and let (xi,x 2 ) G End ((c5)o( ( C^)p(cg) ) be matrix 
units, where Xi,x 2 G (C^) p for p = 0,1,... , as in Section I2T2"} which act on Cg by 
(xi, X2)y = 5y yX2 x\. Applying the functor F to the morphisms Hp in A 2 —TL we obtain a 
representation of the Hecke algebra on Cg given by (c.f. f|32|) and Figure |3]): 

F(U„) = E 0; ( I o ^ 2) W(Af ( ^ r(o3) )W(Af ( J ( OTl a 2) xa 3 a 4 ), (41) 

where the summation is over all paths x of length p — 1 and edges a^, b of £ such that the 
paths xaia 2 , £(2304 make sense. These operators were shown to satisfy the relations H1-H3 
in [26]. Let {p a ) p denote the restriction of the ideal (p a ) in (CQ) P , which is isomorphic to 
ECJMW)- Then A(g,W) p = (Cg^/Z'ZlMF^)) = n p = S p , where n, S are 
the graded algebras defined in Section 12.91 

3.2 Hilbert Series of A(Q, W) 

In this section we give the Hilbert series of the algebra A(g, W) where g is an SU(3) 
AT>£ graph g with cell system W . In this case we will call A(g, W) an almost Calabi- 
Yau algebra. 

When g = C/r is the McKay graph of a finite subgroup T C SU(3), A(g,W) is a 
Calabi-Yau algebra of dimension 3 j38j Theorem 4.4.6] and its Hilbert series is thus given 
by©. 

Let n%n = {A(p,i)| < p,q,p + I < k < 00} denote a non-degenerately braided 
system of endomorphisms on a type IIIi factor N, which is generated by p = \(i,o) and its 
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conjugate p = A(o,i), where the irreducible endomorphisms X(p,i) satisfy the fusion rules of 
SU(3) k given in ®. 

Let N C M be a braided subfactor with nimrep G which realises the modular invariant 
Zg at level k, where Q = G p , and let I = jyX M . The nimrep G sends A G jv^v to 
the graph G\. Let S = p=o A( PiO ), so that F(S) = p=o F(A( P)0 )) = S. Then since 
A(G, W) = n = £ (see Section E"T]j, 

FOSO^A^WO, (42) 

that is, the algebra FT) is given by the module category associated to the inclusion 
N CM. 

The algebra S has another description, based on [55] in the context of 577(2), and the 
proof of Theorem 4.4.6 in [38] • The tensor algebra Tp = ®°^ fP is the free algebra in the 
category A2-TL at level k generated by p. Under the functor F defined by ( 1191) . Tp maps 
to F{Tp) = CQ, c.f. Section 12.91 Let T' be the quotient of Tp by the two-sided ideal 
(p) generated by p C p 2 . It can be shown inductively for each grade that Tj = Sj. For 
j = 0, 1, the result is trivial. Since p 2 = p + A( 2 ,o) by (J4]), we have T' 2 = A( 2 ,o) = £2- Now 
consider j = 3. From (j4]) we obtain p 3 = pp + A^i) + A(3 j o). Since pp = id + A(i,i), we see 
that the ideal (id + A^i)) C (p). Then A(i,i) G (p) and T3 = A( 3i0 ) = The situation for 
general j is similar. Thus we see that S is the symmetric algebra given by the quotient 
of the tensor algebra Tp by (p), see also [381 (4.5.1)]. Let n, 7 denote the composite 
morphisms n : Amo) p 3 ^ Tp and 7 : p p 2 <—} Tp. Then 7r maps under F to 
F(tt) : CI -»■ C^, which sends 1 e C7 to the potential $ of gOD, and F( 7 ) : F(p) -> CQ 
sends the reverse edge a of a to the relation p a = d a Q. Then under F, S = Tp/{p) 
is mapped to F(Tp)/(F(p)) ^ C^/(F( 7 (p))) = CQ/(p a ) = A(Q,W). Reversing the 
argument, exactness of F yields F(S) = F{Tp)/ (F(p)) which by the above discussion is 
isomorphic to C^/(F( 7 (p))) = CQ/{p a ) = A{Q,W). 

The fusion rules (j4j) yield the recursion relation A(j + i j0 ) © (p(g) A(j_i )0 )) = (p<8> A(j )0 )) © 
A(j-2,o)j J ' = 2, 3, . . . , k — 1, and so each A(j >0 ) can be written recursively in terms of the 
three irreducible endomorphisms p, p and A(o,o) = id. Summing over all j, and using t to 
keep track of the grading, we find that S = © p=0 A( p> o)^ p satisfies 

{S © {t 2 p © S) © t fc+3 A (M) ) = A (0 ,o) © (tp © S) © t 3 S. (43) 

Then applying F to (14*31) we obtain the following equation for the Hilbert series of A: 

H A (t) - tA g H A (t) + t 2 A^H A (t) - t 3 H A (t) = 1 - t k+3 P, 

where P = G X{k0) . From P 3 = G X{k0) © G A(fc0) © G A(fc0) = G A{00) = 1, we see that the 
matrix P is an automorphism of the graph Q of order 3. Since each G\. j0 . can be written 
recursively in terms of G p = Ag, Gp = Ag and G\ {00) = 1, the permutation P can be 
determined for each graph Q separately using standard Mathematica computations, and 
we obtain the following result: 

Theorem 3.1 Let H A (t) denote the Hilbert series of A{Q, W), for an SU(3) AT>£ graph 
Q with adjacency matrix Ag, Coxeter number h = k + 3 and cell system W . Then 

H ^ ^ (44) 
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where P is the permutation matrix corresponding to a Z3 symmetry of the graph. It is 
the identity for V (n \ A (n) * , n>5, 8®*, S[ l2) , I = 1,2,4,5, and 8^ . For the remaining 
graphs A^ n \ V^* and8^ 8 \ letV be the permutation matrix corresponding to the clockwise 
rotation of the graph by 2n/3. Then 

( V 2 for A {n \n>4, 
P = } V for 

I V 2n for V^*,n> 5. 

The numerator and denominator in (]44p commute, since any permutation matrix which 

corresponds to a symmetry of the graph Q commutes with Ag and Ag. 

(12) 

We warn that we have not yet realised the graph 8\ as the nimrep produced by a 

(12) 

subfactor, as we have not been able to construct a cell system on 8\ . However, Ocneanu 
has claimed that the graph 8\ does have a cell system built on it [59], and hence the 
above proof would hold in this case also. 

In [T31 Proposition 3.14] the Hilbert series was given for a (p, g)-Koszul algebra (or 
almost Koszul algebra), where the permutation matrix P is equal to the product of the 
permutation matrices given by the Nakayama permutations for A and its Koszul dual 
A. It was shown in Section [2791 that A = A(Q,W) is a (h — 3,3)-Koszul algebra. Then 
the Nakayama permutation for the coalgebra A being trivial is equivalent to Nakayama 
permutation of A being given by the permutation matrix P. 



4 Nakayama automorphism for SU{3) AVE graphs 

When g is an 377(3) AV8 graph, the dual A* = Rom{A, C) of the algebra A = A(G, W) 
is identified as an A- A bimodule with iAp, with standard left action and the right ac- 
tion twisted by an automorphism (3, the Nakayama automorphism. In this section we 
determine the Nakayama automorphism (3 in Theorem 14.61 

The explicit cell systems W computed in [25] and knowledge of the Hilbert series (1441) 
for A are key ingredients in both these results. Thus these results are not proven for the 
SU(3) AV8 graph 8\ , since we were not able to compute an explicit cell system W for 
this graph in [25]. In the remainder of the paper, any reference to an SU(3) AT>8 graph 

(12) 

will not include the graph 8\ . 

We begin with some preliminary results, including Proposition 14.41 whose lengthy proof 
will be the content of Section 14711 This section is based closely on [T3], Section 4.2], which 
is in the context of preprojective algebras of the ADE graphs in SU(2). 

Let A = A{Q, W) for an SU(3) AV8 graph Q and let A p denote its p th graded part. 
The edges a E Qi are a basis for A\. With the potential $ defined in fj40l) . A has a relation 
p a for each edge aeft given by 

Pa = E K£Z),r(>) bb '> ( 45 ) 
b,b'eQi 

where W (a ' b ' b,) — W( A (a ' b ' b ' ) 1 

Let h = k + 3 denote the Coxeter number of Q. The image of the endomorphism A^o) 
under the functor F defines a unique permutation v of the graph Q, which is described 
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as follows. If the permutation matrix P in Theorem 13.11 is the identity matrix, then the 
permutation v on the graph Q is just the identity. For the other graphs, the permutation 
v is given on the vertices of Q by the permutation matrix P and on Q\ by the unique 
permutation on the edges of Q such that s(v(a)) = u(s(a)) and r(u(a)) = u(r(a)) (note 
that there are no double edges on the graphs Q for which P is non-trivial). 

For any vertex % of Q, it can be seen from the Hilbert series of A(G, W) that the space 
i-Ah-3-v(i) is one-dimensional. For k a vertex for which there is an edge from k to i, it can 
be seen from the Hilbert series of A(Q, W) that the space % ■ • v{k) is one-dimensional, 
except where there is a double edge from k to i on Q, in which case dim(z- Ah-4-v(k)) = 2. 
Let u iu (j) denote a generator of i ■ A h _ 3 ■ v(i), and let {v™r k ->,m G {l,p ki }} denote a basis 

for i ■ A^_4 • u(k), where p k i denotes the number of edges from k to i. For each edge i — % j 

and each edge k — — > i on Q there are non-zero scalars X^cT\ ^ such that 

A< m) at# (0 = u lu{l) = ^ m,) < fc) v(6), (46) 
for any m G {l,Pij}, ml G {l,Pfej}. 

Definition 4.1 We call a cell system W on Q is -invariant ifW^' k = ^i^w^w^ f or 
all triangles i — j — — >■ — —> i on Q . 

Proposition 4.2 Let W be a v -invariant cell system on Q . There is a constant C such 
that 



Ao \ A c 

(m) (m') (m") 
/^a /^f, 



C (47) 



/or a// triangles i — ^-t- j — fc — ^> z on Q, and all m G {l,Pij}, vn! G m" G 

{l,Pfci}- 

Proof: The dual A* of A is an A- A bimodule with the products (px, x(p defined by 
(<px)(y) = (f(xy), (x<f)(y) = <p(yx), for <p G A* and x,y G A. The element dual to vjl^ 

is (K(i)jY = A « K(i)i a i where s(a) = z, r(a) = j, and u* (i)i is the element dual to u iv ^ 
since 

K {i)j TK {i) ) = A^« (i)i a)(^ (i) ) = AW< (j)i « (l) ) = < (i)i K Ki) ) = i. 

Similarly, the element //^^(a')?/*^^, where s(a') = i, r(a') = j, is also dual to vjl^y 
Then ()46|) dualises to give 

Ai m) < Wl a = (v^ 0i )* = » ( fv(a')u: {j)j . (48) 
for a vertex fc such that there is a triangle i — % j — )• — )• i on ^, we have 

(m) (m) (rn/) 

W> jk ) u 1/{i)i ab = -^Wy k >v{a)u v{j)j b= W\ jk >v(a)u(b)u u{k)k , 

Aa A a A, 



Let a = a' and m G Then multiplying on the right by (X^) 1 W^ k b ' c ^b in 
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where the second equality follows from fj4*8]) for a choice of m' G {l,pjk}- Summing over 

all vertices j and edges a, b such that there is a triangle i — j — k i on Q, and 
making a choice of m — rrij, m' = wIa for each j, the L.H.S. is zero by the relation p c in 
and so we obtain ^(mo^n^fe — where 

(mj) K) 

j,a,b 

and m = (m 1; m^, m 2 , m' 2 , . . . , m r ,m^,) where r is the number of vertices j in the sum- 
mation. Suppose o"( m ) 7^ 0. Then there exists a non-zero v E k ■ A h _ 5 ■ u{i) such that 
wc(m) = u ku ( k ) G k ■ A h s ■ z/(fc), and cr(m)«*(fc)fc = V* ^ (since k / 0) which is a 
contradiction. Thus 0( m ) = 0, which implies 

(m) (m') 

^ a TI/( a ' fe ' c ) _ t M/OWM 6 )^)) /'/IQN 

(m),(ra') ^ijfe ~~ M^i/fili/OXfc) ' ^) 



Xd X 



b 



where G C does not depend on j, a or b. For j = ji, the left hand side of (149|) only 
depends on mi and m' 1; whilst for j = j 2 , the left hand side of ( I49p now only depends 

(m") 

on m 2 and m' 2 . Thus does not depend on m, but only on i, k. Define £ ik := ^L^ &fc, 
which only depends on i, k and m". Then since is //-invariant, we have 



(m) (m') (m") 

^ a ^fe / ic _ t/ (cry* 
> (m) , (m') x (m") ^ ^ 

A a A 6 A c 

which only depends on i, k and m" . However, by a similar argument, the left hand side 
is also equal to • (which only depends on k, j and m') and (which only depends on 
j, z and m). Hence the left hand side does not depend on i, j, k or the choices of m, m' 

and m" . So we have ^' ik = = =: 1/C for all triangles i — j — k — i on Q. □ 
Since £' ik in (J50|) does not depend on the choice of m G we obtain as an 

immediate corollary: 

Corollary 4.3 For any u-invariant cell system W on Q , 

\( m ) \( m ') 

(m) (m') 
/ia /ia 

/or any edge i — ^ j on and m,m' G {1,^}. 

We will now define an alternative basis {Vj U ^} for i-Ah-4-v(k) such that for any edges 

i j and each edge fc i on £ we have X a ia'v a jv ^ = 6 a , a 'Uiu(i), Vb>v*L k )V{tf) = 5b,b'Ui v (i), 
where A a , \i a are non-zero scalars. This basis will be used in Section [5J 

For any double edge (a, a') on Q with s(a) = i, r(a) = j, if we set := A„) v) v u\ — 

X a> )v Mi) and v Mi) X " )v jv(i) ~ X ^ v %(i)^ then we have a ' v Mi) = = av t{€) and 
A b ^ (i) = u iv[ i), b G {a, a'}, where X b = e b X { b 1} X^ /(X^ Xa } - X^Xy) and e a = 1, 
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e a i = — 1. Then from (j4"Sj) and Corollary I4.3[ we see that u",~i/(a') = = Vj v ^u(a) 
and ^bV b ju ^{b) = u iu ^, b G {a, a'}, where /x a = (ffl / (\y /jffl - //a A;7) and = 

,/l).,(2) /a (l) (2) ..(1) A (2)n 

Let ^(j) = ^(i)) A a = Aa when there is only one edge a from i to j, and if there is a 
double edge (a, a') from z to j let u^), A& be as defined in the previous paragraph, where 
b G {a, a'}. Thus we have defined an alternative basis {v*^} for i ■ A h _ A ■ v(k) such that 

there for each edge % — —> j and each edge k — % on we have 

Kav a jv{i) = u iu{i) = fi b vl [k) u{b), (51) 

where A a , /i a are non-zero scalars. Since dim(z • Ah-3 ■ I) = for all / ^ we have 

= = w^Kft) (52) 

when a ^ b. We will usually write Vj U ^ for where there is only one edge a from i to 
j. Dualising (l5Tj) we thus get: 

A a w* (i)i a = « Wi )* = {i a >v(a')ul {j)j . (53) 



4.1 Computation of the constant C 

In this section we compute the value of the constant C in Proposition 14.21 

(12) 

Proposition 4.4 Let Q be an SU (3) AT>£ graph, which is not E\ . Then for the per- 
mutation v of Q defined in Section^ the constant C in Proposition ^. 2\ is 1. 

The proof of Proposition 14.41 is done in a case-by-case method, where we will use the 
Ocneanu cells W(A) computed in (25]. For the graphs T>^ n \ £>("■)* and S[ 12 \ we did not 
claim to have computed all cell systems up to equivalence in [2B] . 

We will begin by describing the general strategy. We choose a vertex i of Q which 
is the source of only one edge a, and similarly the range of only one edge b. We denote 
by j, k the range, source vertices of the edges a, b respectively. Note that there must 
necessarily be (at least one) edge c from j to k on Q. We choose a non-zero path Ui V u\ = 
[i j li l 2 ■■■ lh-6 v(k) £ i " Ah-3 ■ v{i) of length h — 3 from i to where 

l\, . . . ,lh-6 are vertices of Q. We let the elements Ujv(i) an d v w{k) be the paths Vj U ^ = 
[j hl 2 ■ ■■ lh-6 v{k) v(i)\ G j-A h -4-u(i) and v iu ( k ) = [* j h k ••■ k-s v{k)] G i-A h -4-v(k). 
Then u iu (A = aVj V ^) = v iv ^u{b) in A, and we have A a = fib = 1. Note that since 
j ■ Ah-A ■ v(i) and i ■ Ah-i ■ v(k) are now one-dimensional, we omit the notation m — 1 
from A^ m) , /^ m) . We now form the paths v jv ^u(a) G j ■ A h ^ 3 ■ u(j), bv iv{k ) G k ■ A h _ 3 ■ u(k), 
and transform these using (I46p so that we have 

v jv{ i)v{a) = —cv ku{j) , (54) 
bvi V ^ k ) = -^v kv{j )v{c), (55) 
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where the same path Vk v (j) appears in the right hand side of both equalities. By Propo- 
sition [4721 X c / Ha = Cficfib/XaXb = C/i c /\b, since A a = ^ = 1, so that (1541) becomes 

Vj V ({\v(a) = ^Ccv ku{j) . (56) 

Then we obtain the value of /z c /A& from (|55p . and substituting into (151)1) we can determine 
the value of C. 

For the graphs where v is the identity, that the constant C which appears in (I56I) is 1 
follows from the following considerations. There is a conjugation on the A graphs given 
by the conjugation on the representations of SU{3) given in Section 12.11 There is also 
a conjugation on the other SU(3) AVE graphs: The conjugation r : n%n — > n%n on 
the braided system of endomorphisms of SU{3)k on a factor N, given by the conjugation 
on the representations of SU(3), induces a conjugation r : n%m —> n%m such that 
Gj = tG\t, where G\a = Xa for A G n%n, & £ n%m- We call a path symmetric if it is 
invariant under reversal of the path and taking the conjugate of the graph, i.e. a path 
x = [ai ai ■ ■ ■ a/_i ai] is symmetric if x c := [ai ai-i ■ ■ ■ Hi oT] = x, where w denotes 
the image of the vertex t> under conjugation of the graph. We note that for a path to be 
symmetric, it must start at a vertex of colour p and end at a vertex of colour — p mod 3. 
We choose a non-zero path u^^) which is symmetric. We then form the path Vj V ^)v{a) as 
above, and transform this to a scalar multiple d\ of cvk u {j)i where Vk u (j) is a basis path in 
k- Ah-4 We also find a non-zero path cV G j-Ah-s-u(J), where u' G k- A h _^-v{j) is a 
symmetric path of length h — A, and transform this to a scalar multiple di of cv^ v u\. Then 
we obtain that Vjy^via) = did^c'v' . Now, since u^i) is symmetric, (vj I/ ^ i )i i (a)) c = bv iv QA. 
Then bv^^ = (vj V u\v(a)) c = (did^ c'v') c = did^v'vic!) = di^y)i/(c). So we see that 
the same coefficient d\ appears in both fl55l) and (136]) . so that C — 1. However, this method 
will not work for the graph £5 even though it has v = id, since for all the possible choices 
for the vertices j, k, one of these must be of colour 0, hence the conjugation of the graph 
does not interchange j <H- k. 

For the graphs £[ , \ and it is not clear that chosen paths are non-zero 
in l-Ah_3-v(l), for I = k, and we will need to construct a basis for the space of all paths 
which start at the vertices i, j (and also k in the case of £5 ). The computations of these 
basis paths are lengthy and are contained in the Appendix to [31]. We will summarize the 
results for the computation of C for these graphs here, with the detailed computations 
given in the Appendix to [31]. In what follows we will use the notation a rs to denote the 
edge from r to s where this edge is unique. 

The identity A graphs: 

We will first compute the value of the constant C for the graphs A^ . The infinite 
graph A^°°\ illustrated in [25J Figure 4], is the fusion graph for the irreducible represen- 
tations of SU(3), whilst for finite n, the graph A^ is the fusion graph for the irreducible 
representations of SU(3) n , as described in Section |2~H We will write (p,q) for the irre- 
ducible representation X(p >q ). For A^ the automorphism v is the clockwise rotation of 
the graph by 2tx/3. Choosing the vertices i = (0,0), j = (1,0) and k = (0, 1), we have 
v(i) = (n — 3, 0), = {n — 4, 1) and u{k) = (n — 4, 0). The unique cell system W (up 
to equivalence) was computed in [251 Theorem 5.1], and we use the same notation for the 
cells here. The cell system W is //-invariant. 
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i = (0,0) j = (1,0) (2,0) 



(n-5,0) (n-4,0) (n-3,0) i = (0,0) ;' = (1,0) (2,0) 

= m = v® 



(n-5,0) (n-4,0) (n-3,0) 



Figure 6: Two paths in j ■ A h _ 3 ■ v(j) for A^: Vj V ^)u{aij) on the left and a^v^^ on the 
right. 




(n-4,1) A: = (0,1) 




;=(o,o) y = (i,o) (2,0) 



(n-5,0) (n-4,0) (n-3,0) i = (0,0) y=(l,0) (2,0) 
= u(k) = v{i) 



(n-5,0) (n-4,0) (n-3,0) 
= v(k) = lAJ) 



Figure 7: Two paths in k ■ Ah-z ■ v{k) for A^: a k iVi V ^k) on the left and v kv (j)v{aij) on the 
right. 



There is only one possible non-zero path of length h — 3 from i = (0, 0) to = 
(n - 3, 0), which is given by u iu{i) = [(0, 0) (1, 0) (2, 0) • • • (n - 4, 0) (n - 5, 0)]. Any path 
of length > h — 3 will be zero in A since using the relations on A it can be transformed 
to a path which begins [i j k ■ ■ ■ ] = since [i j k] = p aki = in A, where a TS is 
the edge from r to s. Then u,v(i) = [(1, 0) (2, 0) • • • {n — 4, 0) {n — 5, 0)] and v iu ^) = 
[(0,0) (1,0) (2,0) • • • (n — 4,0)]. We form Vj V ^)u{aij) and using the relation p v ( ajk ) we 
obtain the path [(1, 0) (2, 0) • ■ ■ (n — 4, 0) (n — 5, 1) {n — 4, 1)], as shown on the left 
hand side of Figure [6], with coefficient — W / v(n-5.o)/W / A(n.-4,o), where we use the notation 
W A(k , m) = W {k ,m)(k+l,m)(k,m+l) 

and Wy(k,m) = W(k+i,m)(k,m+i)(k+i,m+i)- Continuing in this 
way we obtain the path dj k v kv ^ = [(1, 0) (0, 1) (1, 1) (2, 1) • ■ ■ {n — 4, 1)], as shown on 
the right hand side of Figure EJ with coefficient 



* = (-!) 



n _4 Wv(0,0)Wv(l,0) • • • W"v(n-5,0) 



W / A(1,0)W / A(2,0) • • • W / A(n-4,0) 

Similarly, we form a k iVi V (k) and transform using the relations to obtain 



, 1 ^ w _4 Wy(0,0) WV(1,0) ■ ■ ■ (n-5,0) „ 

afeiVii/(fe) = (-1) 777 77} 77} a jk V ku{j) 

WA(0,0) Wa(1,0) • • • WA(n-5,0) 



t W / A(n-4,0) 
S — F77 djkVku(j) 



W. 



A(0,0) 



where the last equality follows from the z/-invariance of the cell system W. Thus we see 
that C = 1 for the graphs A^ n \ The only properties of the cells W(A) that are used here 
are their i/-invariance and the fact that they are non-zero. 



The orbifold V graphs: 

We will now consider the graphs T>( n \ which are Z3 orbifolds of the graphs A^ n \ The 
graph is illustrated in Figure [U The weights W(A) for A^ are invariant under the 
Z 3 symmetry of the graph given by rotation by 2n/3. Thus there is an orbifold solution 
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for the cell system W on T>^ where the weights W(A) are given by the corresponding 
weights for A^ [25| Theorems 6.1 & 6.2]. More precisely, excluding triangles A which 
contain one of the triplicated vertices (k, k)i in the case where n = 3k + 3, the weight 
W(A ilt i 2! i 3 ) for the triangle A il)i2i j 3 = %\ — > i 2 — > i% — > i\ on is given by the weight 
W(A. ( o).m.w) = W(A.v.w. ( o } ) = H/(A.c 2 ) i4 o) :i (i)) for A™, where if, if, if are the 

three vertices of A^ which are identified under the Z3 action to give the vertex if. of 
T>(- n \ k = 1,2,3. If for a triangle Ai 1) i 2j j 3 on there is no choice of vertices if 1 ' 1 ', i^ 2 \ 
i$ on A^ which lie on a closed loop of length three i± — > i% — > i$ — > i±, then 
we have W(A ilii2ji3 ) = 0. When n = 3k + 3, the weight W(A) for a triangle A which 
contain one of the triplicated vertices (k, k)i is just given by one third of the weight for the 
corresponding triangle on ^4^ 3fc+3 \ Thus the relations (1451) for T>^ are given precisely by 
the relations for A^ n \ except for the relations p 7 , py in the case where n = 3k + 3, which 
involve the triplicated vertices (k,k)i. However, these last two relations are not used to 
show C — 1, and thus the result for T>^ follows from the result for A^ n > under the orbifold 
procedure. The vertex (n — 3, 0) of A^ is identified with the distinguished vertex (0, 0) of 
A^ n \ Thus with i the distinguished vertex of T>^ with lowest Perron- Frobenius weight, 
the element is a closed loop of length n — 3 starting and ending at i. We see that 
the permutation v must be the identity for D^ n \ 

We will illustrate the general V case by giving the computations for the graph T)^ 9 \ 
We label the vertices as in Figure and denote the two edges in the double edge by 7 and 
y. We write W s{a)s{bMc) for W(A^ (6)i(c) where a,b,c £ {7,7'}, and W^ a)s{b)s(c) when 

one of a, b or c is the edge r\ G {7, 7'}. We note that W^g = W^ m = [251 Theorem 6.2]. 
We choose the vertices i — 1, j — 4 and k = 7. Then the path u iy ^ is obtained from the 
corresponding element for A^ 9 \ so Ui V (j) = tin = [1483571] which is symmetric. We have 
Vju{i) = V41 = [483571], Viu(k) = Vn = [148357]. Since v = id, we only need to transform 
Vjv(i)v(a) = [4835714], where a is the edge from % to j, to a scalar multiple of a path 7V 
where v' is some symmetric path. We will underline at each stage the subpath of length 
2 which we transform using the relations. We have 

[4835714] = ™™ [4835724] = W ^ W ™ [4835924] = W ™ W ™ W ™ [ 48 36'924] 

1 J W 147 l J W U7 W 257 l J ^147^257^359 1 J 

^247^259^369^268 Mgog/Qo^ = ^247^259^369^268^247 F^og/go £ 
VF147W257W359W368 ^147 W257W359 ^368^248 
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where [69], [6'9] denote the edge from 6 to 9 along 7, 7' respectively. The path [4726'924] 
is non-zero, with [726'924] symmetric. Here it is important that the cells W(A) for 
some of the triangles which contain one of the double edges are zero, otherwise the path 
iWi) = U41 = [483571] might be zero in A. The only other property of the cells W(A) 
that is used here is the fact that those that appear in the coefficient of [4726'924] in the 
above equality are non-zero. If there was another inequivalent cell system on T> such that 
this coefficient is non-zero and the Hilbert series of A was given by ( 1441) . then the result 
C = 1 would hold for this cell system also. 

The conjugate A* and conjugate orbifoldV* graphs: 

The proof for these graphs is slightly different to that for all the other graphs in that 
we do not choose % to be a vertex which is the source of only one edge. Here the vertex 
i is chosen to be the source of exactly two edges. First consider the graphs A^*, where 
v = id. The unique cell system W (up to equivalence) was computed in [251 Theorems 
7.1, 7.3 & 7.4], and we use the same notation for the cells here. The A^* graphs are 
illustrated in [251 Figure 11]. We illustrate the cases n = 7, 8 in Figure M The labelling 
we use here for the vertices of ^4.( 2m+1 )* i§ the reverse of the labelling used in [25]. The 
relations in A(A i ~ n) * , W) are 

M^i 2 [121] + Wiu[lll] = 0, 
W a - 1>a>a [a(a - l)a] + W a ^ a [aaa] + W a ^ a+1 [a(a + l)a] = 0, (57) 
W a ^ a+1 [aa(a + 1)] + W a , a+1>a+1 [a(a + 1) (a + 1)] = 0, (58) 
W a 

,o,a+l [(a+ l)aa] + W a 

,a+l,a+l [(a+ l)(a+ l)a] = 0, (59) 

where a = 2, ... ,p — 1 in (j57|) . and a = 1, . . . , a' in ([58"]) . ([59^1 . where p = [(^ _ 1) /2j , 
a' = p — 1 for even n, and a' = p — 2 for odd n. For even n we have the extra relation 
Wp-i pp [p(p— l)p] + W PjPjP [ppp\ = 0, and for odd n we have the extra relation [p(p — — 
l)]='[(p-l)(p-l)p] = 0. 

We first consider the even case n = 2m + 2. We choose the vertices i = j = k = 1 
as illustrated in Figure M The element u iu ^ = U\ v (i) of length 2m + 1 is (up to some 
scalar) [111 • • • 1]. We show this is non-zero by induction. When m = 1, we see using the 
relations that [1111] = -(Wi 12 /W m )[1121] = ( W? 12 /W? n ) [1221] = -(Wii 2 /W m )[1211], 
so that all paths of length 3 are equal, up to scalar multiple, in A. We assume that all 
non-zero paths in A(A ( " 2m+2 ^* , W) are proportional to the path u^L = [111 ■ ■ ■ 1] of length 

2m — 1 for m = k. For m = k + 1, any path in A(A^ 2k+4 ^* \ W) of length 2k + 1 must have 
one of the following forms, where a{j} = [vqVi ■ ■ -t^fc-i] is a path of length 2k — 1 with 
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V2k-i = j: (I) [a{l}H] = -Wii2/Wm[a{l}21], (II) [a{2}ll] = -W l22 /W U 2[a{2}21], 
(III) [a{3}21]. Any path of form (I) is clearly proportional to u it(i) = [111 • • • 1] of length 
2k — 1, since any path a{l} in A{A^ 2k+A ' > * , W) of length 2k— 3 must be proportional to 
(we note that a non-zero coefficient when m = k may become zero when m = k+1 since we 
replace the quantum integer [s] q ^ by [s] 9 (£ +1 ) in the weights W, where q(m) = e 2n ^ m ). 
We now consider paths of form (II). There are three cases: (a) Suppose v 2k -A = 1 in 
a{2}. Then using the relations we see that [a{2}ll] = — Wm/Wii2[a{l}ll], where a{l} 
is obtained from a{2} by replacing its last edge by a closed loop from 1 to 1. This path 
is now of form (I), (b) If v 2k -4 = 2, then we have [a{2}ll] = — Wii2/Wi22[a{l}ll], where 
now a{l} is obtained from a{2} by replacing its last edge by an edge from 2 to 1, and this 
new path is of form (I), (c) If i>2fc-4 = 3, then we move to consider v 2k -5- Then we will 
have three cases similar to (a)-(c). If we are in case (c) we consider v 2k _ e , an d continuing 
in this way get v 2 k-i~i < v 2k -i for some I, and we are in case (a) or (b). Finally, consider 
paths of form (III). Suppose v 2 k-4 = 2. Then using the relations we obtain 

Will Wt 00 

[1---U2 fc -62321] = -^[l---^ fe -52221] -^[l---«2fc- B 2121] 

^223 l / l / 223 
^112^222 M „ 0111 , WmWw r, 0111] 

= W W [1 ' • -^-52211] + w w [1 • --Uajfc-52111] 

W 122 W 22 3 W112W223 
WmW 122 H / i 2 i 2 W / 222 



^112^223 Wl 2 2 2 W / "223 



[1 ■•■^-52111], 



and we are in case (I). If v 2 k-i = 3, 4, we proceed as in (II). Thus any path in A(A^ 2k+4l ' ) * , W) 
of length 2 fc + 1 is equal to C u it(iV = '''!]; fo r some (Gl (possibly zero). 

Thus for j[( 2m + 2 )* we choose u iv u) = Mwi) = [111 ■ • • 1], and we have Ujv(i) = w iv(fc) = 
[111 • • • 1] of length 2m — 2. Then Vj U ^)u(aij) = [111 - - - 1] = «ij,(i) = cijkVkv(j), where 
Vkv(j) = Vi„(i) = [111 • • • 1]. Similarly a ki v iv{k ) = v kulyj )v{a jk ). Thus we obtain C = 1. The 
situation for ^4.( 2m+1 )* follows similarly. 

The graphs XK n )* are (three-colourable) unfolded versions of the graphs .A^)*, where 
we replace every vertex v of ^.w* by three vertices Vq, Vi, v 2 , where v a is of colour a, 
such that there are edges Vq — > w±, Vi — > w 2 and v 2 — > if and only if there is an edge 
from v to w on A^*. The graph T>^* is illustrated in Figure [101 Then the proof for 
folfows exactly as the proof for A^* where now we write a suffix for each vertex 
indicating the colour of that vertex. Due to the three-coloured nature of the graphs £)(")*, 
we see that the maximum path u iu ^ = u lo „( lo ) of length n — 3 must end at the vertex 
z/(lo) = l n where r = n mod 3. Thus the permutation v should be the identity, clock- 
wise rotation of the graph by 27r/3, or anticlockwise rotation of the graph by 27r/3, for 
n = 0, 1, 2 mod 3 respectively. Since v is not always the identity for the graphs XK n )* we 
require z/-invariance of the cells here. The orbifold cell systems computed in [25*1 Theo- 
rems 8.1 & 8.2] are ^-invariant. If another inequivalent ^-invariant cell system could be 
found such that Mj„(j) = Mi Ql /(i ) is non-zero and the Hilbert series of A was given by 
then the result C — 1 would hold for this cell system also. 
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Figure 11: Graph Figure 12: Graph £ (8) * 



The graphs £ ( - 8 \ £^* for the conformal embeddings SU(3) 5 C S77(6)i and SU(3) 5 C 
SC/(6)i x Z 3 [701 El E6]: 

We will first consider the graph £^*, illustrated in Figure fT2l The unique cell system 
W (up to equivalence) was computed in [251 Theorem 10.1], and we use the same notation 
for the cells here. The quotient algebra A has the relations 

[123] = [231] = [324] = [432] = 0, (60) 

[222] = =jgf [232], [333] = Tjg»[323], (61) 

=gf[312] = [322] + [332], (62) 

=jgf[243] = [223] + [233], (63) 

where W222 = -W333 and W223 = ^233 • 

We choose the vertices % — 1, j — 2 and k = 3. We choose the path [122331] of 
length 5 to be the path u^ty, which is nonzero since [1 223 31] = — (W243/W223) [124331] 
using (1631) and (|60|) . and no relations can be used on [124331] except for the one which 
transforms it back to [122331]. The only other relation which can be used on [122331] is 
[122331] = -(WWW233) [122431]. Then v w(i) v(a i3 ) = v 2u{1) u(a 12 ) = [223312], which we 
transform to the (non-zero) path [233122]: 

Wool Woit Woot Woi-> 

[223312] = —[2233221 —[2233321 = — ^-[2232221 + ^ — [2 23232 1 

W12Z W123 1^123 1^123^333 

Wooo 

= _ 2 — ±^[2222221, 

where in the penultimate equality we also used (!60|) and in the last equality we used (IBTl) 
once for [223222] and twice for [2 23232 ], Similarly, 

[233122] = -^^[233222] - ^^[233322] = -2^^(222222], 
W123 W123 W123 

so that Vj v (j\v(aij) = [223312] = [233122] = a^i/, where v' = [33122] is symmetric. Here 
we need the fact that the coefficient of [222222] in both the above equalities is not zero 
for the cell system W, as well as the fact that they are non-zero. 

Since the graph £^ 8 \ illustrated in Figure [TTJ is the (three-colourable) unfolded version 
of <?( 8 )*, the result for £^ follows in the same way as the result for 2)( 2n+1 )* follows from 
^(2n+i)* rjj^ un jq Ue ce n S y S tem W (up to equivalence) was computed in [251 Theorem 
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Figure 13: Graphs E[ 12 ^ and E^ 



9.1]. Due to the three-coloured nature of E^\ we see that since u iv (i) = Wi oi ,(i ) has length 
5, v must be the non-trivial permutation which sends lo —> 12- Since v is not the identity 
for the graph £^ we require i^-invariance of the cells here. The cell system W for E^, 
computed in [251 Theorem 9.1] is ^-invariant. 

The graph £± for the conformal embedding SU(3)g C {E e )i [TO] 16] [26]: 

Two inequivalent solutions for the cell system W ± for the graph E[ 12 \ illustrated in 
Figure [T3| were computed in [251 Theorem 12.1]. We will use the solution W + . The 
solution W~ is obtained from W + by taking the conjugation of the graph E\ , that is, 
Wijk abc ^ = where is the map which reflects the graph E[ 12 ^ about the 

plane which passes through the vertices i\, i^ iz and p, and reverses the direction of 
each edge. For E{ the automorphism v is the identity. We choose the vertices i = i s , 
j = ] s and k = k s , for some s G {1,2,3}. We first computed a basis for the space of 
paths which start from the vertices i s , j s . The explicit details of these computations are 
given in the Appendix to [31]. We will denote by [rp], [r'p] the path which goes along 
the edge a, a' respectively, and similarly by \pq], \p'q] the path which goes along the edge 
(3, /3' respectively. Let u iu ^ = u isl/ ( is ) be the (non-zero) path = [i s j s rpqrpqk s i s ] 

of length 9. Using the computations contained in the Appendix to [3~T] . we obtain 
v ju {i)v(ai j ) = [j s rpqrpqk s i s j s ] = d[j s k s pqk s i s j s rpj s ] = da jk v', where v' = [k s pqk s i s j s rpj s ] 
is symmetric and d is a non-zero scalar. Hence C = 1. In the computations for the graph 
£{ we have used the orbifold cell system which was constructed explicitly in [25]. If 
another inequivalent cell system could be found which satisfied the non-vanishing of many 
coefficients which appear in the computations of a basis for A, and such that the Hilbert 
series of A was given by (1441) . then the result C = 1 would hold for this cell system also. 

The graph E\ for the conformal embedding SU(3) 9 C (£"6)1 * ^3 [91 126]: 

/-^2\ (12,') 

The graph E\ , illustrated in Figure [131 is a ^3 orbifold of E\ . Every cell system 
W for E\ is equivalent to either a cell system W + or the inequivalent cell system W~ 
Theorem 11.1]. We will use the solution W + . The solution W~ is obtained from 



W + by taking the conjugation of the graph E[ 12 \ that is, W^^^ = ^^wjwi)' where 
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(12) 

Figure 14: Labelled graph 



(12) 

(p is the map which reflects the graph E\ about the plane which passes through the 

(12) 

vertices i, pi, p 2 and p 3 , and reverses the direction of each edge. For the graph S\ the 

(12) 

automorphism v is the identity. We choose i, j, k as labelled on the graph E 2 in Figure 
IT3l We first computed a basis for the space of paths which start from the vertices i, k. The 
explicit details of these computations are given in the Appendix to [31]. Here q = e 27 ™/ 12 , 
and we will write [m] for the quantum integer [m] q . We let a±, b± denote the scalars 



a± = \j[2] [4] ± V / PP, 6± = \/[2] 2 ± VWI- Let u iu{i) be the path [ijr lPl jkp iqi ki}, 
which is symmetric. This path is non-zero in A since 



1 a-~ I [ijriPijkptfiki] = -a+foViPigifepiftAa] = -b^jr^q^p^ki}. 



Then ^v(i)^(ay) is given by [kijr^jkpiqik] = d\kpxq\kpxjrxP\ik\ = dctjkv', where v' is 
symmetric and d is a non-zero scalar, and we obtain C — 1. 

TTie graph £^ for the twisted orbifold invariant: 

The Moore-Seiberg invariant Z^n) is realised by a braided subfactor which produces 

the nimrep £5 Section 5.4], illustrated in Figure [T41 The unique cell system W (up to 

equivalence) was computed in [251 Theorem 13.1]. For the graph 8^ the automorphism 
v is the identity. There are four possible choices for the vertices j, k: these are (3,8), (5,9), 
(14,3) and (15, 4). We see that it will not be possible to use the quicker method described 
above for the case where v = id, since conjugating the graph will not interchange the 
vertices j -H- k for any of the choices of j, k. We choose the vertices i = 10, j = 15 and 
k = 4. We first computed a basis for the space of paths which start from the vertices 10, 
15, 4. The explicit details of these computations are given in the Appendix to [3T]. Here 
q = e 2 W 12 ; anc i we w jH wr ite [m] for the quantum integer [m] q . 
We choose Ui u ^ = wio(io) = [10, 15, 2, 9, 16, 5, 8, 14, 4, 10] . Then 

Ui5*(io)f(aio,i5) = [15,2,9,16,5,8,14,4,10,15] = c[15, 4, 7, 12, 1, 7, 13, 1, 7, 15] 

= Cai5 i 4U4 I/ (i5), 
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12 21 




20 13 

Figure 15: Labelled graph £( 24 ) 



where c = -[2] /[3P (VW + [ 3 H 4 ]) /[ 4 ] 2 [6], and C = 1 follows from 

a4,io^io,(4) = [4,10,15,2,9,16,5,8,14,4] = c[4, 7, 12, 1, 7, 13, 1, 7, 15, 4] 



The graph for the conformal embedding SU(3) 2 i C (-EV)i [701 161 1 

For the graph 8^ 24 \ illustrated in Figure [T5| the automorphism v is the identity. The 
unique cell system W (up to equivalence) was computed in [25], Theorem 14.1]. We choose 
the vertices i — 1, j — 9 and /c = 17. We first computed a basis for the space of paths 
which start from the vertices 1, 9. The explicit details of these computations are given 
in the Appendix to [31] . Here q = e 27rl//24 , and we will write [m] for the quantum integer 
[m] q . Let u be the path [1, 9, 18, 6, 13, 22, 4, 14, 19, 2, 11, 19, 2, 11, 22, 5, 14, 21, 3, 10, 17, 1], 
which is symmetric, and is non-zero as shown in the Appendix to |3T] . We choose Ui v u\ = 
u M i) := u. Then v jv{ i ) v{a ij ) = v 9v ^)i/(a 1>9 ) is given by 

[9, 18, 6, 13, 22, 4, 14, 19, 2, 11, 19, 2, 11, 22, 5, 14, 21, 3, 10, 17, 1,9] 
[4][9][10]v/[2W 



■ [9, 17, 2, 11, 20, 5, 14, 21, 3, 10, 17, 2, 9, 18, 6, 136, 22, 4, 12, 19, 2, 9] 



[4][9][10]vW fl , 

Qjjf- U 



[7] 2 vW 3 

where v' is symmetric. Then C — 1. □ 

4.2 Determining the Nakayama automorphism for A(Q,W) 

We will now determine the Nakayama automorphism for the algebras A = A(Q, W), where 
y is an SU(3) AVE graph which is not S { A U) . 

The algebra A = A(Q, W) is a Frobenius algebra, that is, there is a linear function 
/ : A — > C such that (x, y) := f(xy) is a non-degenerate bilinear form (this is equivalent 
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to the statement that A is isomorphic to its dual A* = Hom(A, C) as left (or right) 
A-modules) . There is an automorphism (3 of A, called the Nakayama automorphism 
of A (associated to /), such that (x,y) = (y,fl(x)). Then there is an A- A bimodule 
isomorphism A* — > iAp [72]. Using the notation of Section [21 we will define a non- 
degenerate form on A by setting / to be the function which is on every element of A of 
length < h — 3, and 1 on u^^, for some i G Q\. Then using the relation (x, y) = (y, (3(x)) 
this determines the value of / on Uj V ^, for all other j G Q\. We will normalize the Uj V ^ 
such that f(uj U (j)) = 1 for all j G Q\. From equation (15T|) we see that a* = ^aV^uy 
( v jv(i)Y = A i a z/ ( a ); where a is an edge from i to j on Q. 

Definition 4.5 Let (3 denote the automorphism of A defined on Q by (3 = v, where v is 
the permutation defined on Q in Section^ 

Let W be a ^-invariant cell system on Q. With f3 defined above we have 

b,b' b,V 

for a an edge from k to %. The following lemma shows that f3 is the Nakayama automor- 
phism for A: 

Theorem 4.6 The A-A bimodule A* contains an element u* such that A* = Au* = u*A, 
and u*a = /3(a)u* for all a G A. Thus A* is isomorphic to \A$ as an A-A bimodule. 

Proof: As in [THl Corollary 4.7], any u* = Ci u t(i)i w ith non-zero Q G C will generate A* 
as both a left and right module. We will show that the Q can be chosen such that u*a = 
(3(a)u* for each a G A\. By Definition 14.51 this becomes YliiCi u * v {i)i a — K a ) Yl/iCi u * v (i)v so 
that CiK(i)i a = Q u ( a ) u t(j)j = Cj(-^a// i a)M*(j) i a by (j53j). Thus we need to choose the Q 
such that 

1 = (64) 

Similarly, for any triangle i — % j — > k — i on Q, we need (1641) with a replaced by b. 
Then (16~4"|) for a and b gives 

j _ Ci _ Ci 2£ 

Cfc A a Ab Cfc A'c' 

by Propositions 14.21 and 14.41 Thus ( 164]) will also be satisfied with i, j replaced by k, i 
respectively. We may then consider a maximal connected subgraph Q' of Q such that for 
all vertices i, j on Q', with an edge i — > j, there is a choice of non-zero Ci, Cj sucri t na t 
(|64|) is satisfied. Suppose Q' ^ Q so that there is a vertex of ^' which is the source 
of an edge 7 to a vertex I which is not on Q' . If we choose Cz = (Hc/Xc)(k then (1641) is 
now satisfied for all vertices i, j on the graph Q", which is the graph obtained from Q' 
by adjoining the vertex / and the edge c. This contradicts the assumption that Q' is the 
maximal subgraph such that ( 1641) is satisfied, hence Q' = Q. 

Then there is an A-A bimodule isomorphism <fi : \Ap — > A* given by <p(a) = au*, such 
that (f>(xa(3(y)) = xaf3{y)u* = xau*y = xcj)(a)y, for all a G \Ap, x,y G A. □ 

Corollary 4.7 For ever?/ a £ Q\ we have X a = fi a . 

Proof: Using equation (EI]), 1 = A n (a, v a ju{{) ) = A a (^ (i) , /3(a)) = A a //i a . □ 
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5 A finite resolution of A as an A- A bimodule 

In this section we determine a finite resolution of A = A(Q, W) as an A- A bimodule, 
where Q is an SU (3) AVE graph. 

Let A = A(Q, W), where Q is either an SU (3) AVE graph or the McKay graph Q-p of a 
finite subgroup Y C SU(3), and W is a cell system on Q. Consider the following complex: 

A ® R A[3] ^A® R V ® R A[l] ^A® R V® R A^hA® R A^A^0, (65) 

where the A- A bimodules R, V and V are given by R = (CQ)o, V = (CQ)i and V = 
© o6 g Ca. We denote by B[m] the space B but with grading shifted by m. The A- A 

bimodule V is isomorphic to the dual space of V. The connecting A- A bimodule maps 
are given by 

fi (x®y) 
/ii(x <g> a®y) 
fi 2 (x ®a ® y) 

H Z {x ® y) 

where x,y G A, a G Q x and we denote by W aW the cell ^(A^'*^ s(fo/) ). 

The sequence ( 165]) is exact and the kernel of fi% is zero if and only if A is a Calabi- 
Yau algebra of dimension 3 [T2] Theorem 4.3], e.g. if Q is the McKay graph of a finite 
subgroup of SU (3) - see [30] for these subgroups and their graphs. When Q is an SU (3) 
AVE graph, we will see that the kernel of ^ is non-zero. 

As in [T4|, applying the functor T = — ® A R to the two-sided complex (1551) . we obtain 
the following one-sided complex of right A modules: 

A [3] A ® R V[l] ^ A ® R V ^ A ^ R — ► 0, (66) 

where the connecting A module maps are given by J-*(/io) the projection of A onto its zero- 
graded part R, JF{iJ,i){x ® a) = xa, T(fj, 2 )(x ®a) = £) 6)6 / e5l W a bb>xb ® 6' and J r (/i 3 )(x) = 
SaeSi xa ®^5 where y G A, a G C/i. The proof of [TU Proposition 7.2.1] carries over to our 
setting to show that the full complex (165]) is exact if and only if the one-sided complex 
(166]) is exact. 

It was shown in Section [231 that the one-sided sequence (1391) is exact, for k < h — 2. 
Thus the bottom row of diagram (IBT]) is shown to be exact everywhere except at the first 
term A in degree h — 3, where the Koszul differentials dj are given by d±(x ® a) — xa, 
d 2 (x ®a) = y/fj. 3 (a) /Ma)" 1 Y,b,veBx W M>xb ® b', and d 3 (x) = ^ aeSl (y/Jhtfjl y/JI^)xa ® a. 
There are isomorphisms ipi such that the following diagram commutes: 



A 


— > A ® R V — > 


► 


.4 






\r'4>2 






(67) 


A 


A ® R V ^ 




.4 





10 



xa ® y — x ® ay, 

w aw(xb ®b'®y + x®b® b'y), 



<,b>eQi 



xa® a® y — x £g> a £g> ay, 



where ipo = ip\ = id, ^(x <S>a) — • v /A t s(a)A t r(a) x <S)a and ij)z{x) = [i r {x)%- Then the top row 
of diagram fl67|) is exact everywhere except at the first term A in degree h — 3, thus the 
complex (|65|) is shown to be exact everywhere except at the first term A®#A[3]. We will 
now compute the kernel of the map /13, that is, the fourth syzygy Q 4 (A) of A. The proof 
of the following theorem is based on the proof of Theorem 4.9 in |13j . 

(12) 

Theorem 5.1 Let Q be an SU(3) AT>£ graph which is not E\ , and W be a v-invariant 
cell system on Q. The fourth syzygy Q A (A) = Kei^s) of A = A(Q,W) is isomorphic to 
xAp-i as an A-A bimodule, where (3 is the Nakayama automorphism defined in Definition 
\4.5] Thus 

-> x A p -x[h\ ^ A® R A{3] A® R V® R A[1] ^ A® R V® R A A® R A ^ A -> 

(68) 

is a finite resolution of A as an A-A bimodule, where /^(x) = x^-Xj ® x*, the Xj are a 
homogeneous basis for A and x* is its dual basis under the non- degenerate form on A. 

Proof: Since A is a (h — 3, 3)-Koszul ring (see Section [2^9]) . by [131 Theorem 3.15] we see 
that Q A (A) is generated both as a left A- module and as a right A- module by its component 
Z with total degree h, where 

h-3 

Z C (A ® R A[3)) h = J2A®r A h _ 3 _ r , 

r=0 

and that Z — > A ® R Ah-3 [3] is an R-R bimodule isomorphism. Since A = R and 
Ah-3 — \R V as R-R bimodules, we see that Z = \R V as an R-R bimodule, and has a basis 
given by elements w iu ^ which project onto i ® u iu ^) in the one-dimensional subspaces 

1 ■ A £g> R A h _ 3 ■ u{i) of A ® r A h _ 3 . Since /^(ifWi)) = we must have 

w iv (i) = i) j x j ® x*, (69) 
3 

where the Xj are a homogeneous basis for A and x* is its dual basis under the non- 
degenerate form on A, i.e. XjX* = ^(s^OOi)) - To see this, consider the terms in A r ® R 
A h -2-r in /i 3 (^(i)), for r = 1, . . . , h - 3: 

} j ya®a®y*- s ^y'®a® a(y')*, 

where B l k denotes a basis of i ■ Now ya = J2 xe gi ^x for any y G B % r _ x , a G Gi, where 
Af G C. Then for each y' G B l r , 

( ».#) = ( E ^ (</)*) = ( E A r^(2/T)= E A ^>= E A r> 

feBj_ x S/G-Br-l f eB r-l « SS r-l 2/ 6B r-l 

issj leaf 

so that a(y')* = J2 y eB i 1 K/V*- Then for fixed a E Q\ we have 

ya®a®y*- y'®a®a{y'f = ^ \ y y ?y' ®a®y* - j/'® o® AJV = 0, 

2/6B*_i 3/e£* «es;_ 1 veB*.! 

s'esj s/e-B* 
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as required. 

Let w = YlieS w w{i)- Then we have Z = Rw = wR and by [131 Theorem 3.15] 
f2 4 (v4) = Aw = wA. Then there is an automorphism 7 of A such that xw = 107(2;) 
for all x G A, which we will assume to have degree zero since w is homogeneous. If 
we take x = i G A we see from f lo^j) that 7(2) = z/(i) = and so we must have 

7(a) = 7a^(a) = 7a/5(a) for some 7 a G C \ {0}. If we now let x = u(a) G Ai, we obtain 
Wi U (i)v(a) = j u ( a )CLWjv(j). Then by ( 169]) and comparing the terms in A\ ®_r Ah-3, we have 



using the identification b* = XbV^^y Using (1ST]) . (152]) on the left hand side we obtain 
(X a //j, a )a <g> = 7^( a )a <g> Uj V (j). Thus 7^) = A a //i a = 1 for all a G <?i, using Corollary 
14.71 and we have 7 = /3 as required. Then there is an A- A bimodule isomorphism <fi : 
iAg-i — > Q^i^A) given by 0(a) = aw, such that cj)(xaf3~ 1 (y)) = xa(3~ l yw = xawy = 
x<f>(a)y, for all a G iAp-i, x,y G A. The isomorphism ^ thus defines an A- A bimodule 
map /x 4 : iA^-i [/i] — )• A ®_r A [3] given by /i 4 (x) = x ^ . <E> x*. □ 
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Appendix to: 
The Nakayama automorphism of the almost 
Calabi-Yau algebras associated to SU(3) 
modular invariants 

David E. Evans and Mathew Pugh 

School of Mathematics, 
Cardiff University, 
Senghennydd Road, 
Cardiff, CF24 4AG, 
Wales, U.K. 

A Computation of certain basis paths for A(Q, W) for 
the graphs s[ n \ £< 12) , £< 12) and <?( 24 > 

Here we provide the computations for a basis for (a subspace of) the quotient path space 
A(Q,W) for the exceptional SU(3) AVE graphs S[ 12 \ £2 and £( 2A \ These computa- 
tions are needed for the proof of Proposition 14.41 in The Nakayama automorphism of the 
almost Calabi- Yau algebras associated to SU (3) modular invariants. Due to the length of 
these computations, it was not practical to include them in the original paper, thus for 
completeness they are reproduced here instead. We do not write down a basis for the en- 
tire quotient space A(Q, W), but rather only for the subspaces i ■ A(Q, W) and j ■ A(Q, W) 
for two vertices i, j of Q, where i is a vertex which is the source of only one edge a of Q, 

(12) 

and j is the range of this vertex. For the graph we also write a basis for the subspace 
k ■ A(Q, W), where k is the source of the unique edge b whose range is the vertex i. We 
also include details of the explicit computation of the constant C = 1 for each of these 
graphs. These computations were only summarised in [31]. 

For each graph Q we set q = e 2m / h , where h is the Coxeter number of Q, and we will 
write [m] for the quantum integer [m] q = (q m — q~ m )/{q — q~ 1 )- 

(12) 

A.l El graph for the conformal embedding SU(3)g C (Eq)i 

Two inequivalent solutions for the cell system W ± for the graph S[ 12 \ illustrated in 
Figure [T31 were computed in Theorem 12.1]. We will use the solution W + . The 
solution W~ is obtained from W + by taking the conjugation of the graph £\ , that is, 

^ijk lbC ^ = ^^{^{j)!p{^ C ^ w here tp is the map which reflects the graph S[ 12 ^ about the 
plane which passes through the vertices ii, 12, i% and p, and reverses the direction of 
each edge. For 8^ the automorphism v is the identity. We choose i = i s , j = j s and 
k = k s , for some s G {1, 2, 3}. We will write out a basis for the space of paths which start 
from the vertices i s , j s . We will denote by / the length of the paths. Suppose we have a 
basis for the paths of length k. We will consider every path of length k + 1 obtainable 
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by adding an extra edge to the end of each of the basis paths of length k. We will first 
list the basis paths of length k + 1. These will be followed by computations (contained 
within parentheses) showing how all the other paths obtained can be written in terms 
of these basis paths. We will mark basis paths with an asterisk, e.g. [isjsVpq]*. We will 
underline the subpaths of length 2 on which we have used a relation at each stage, and 
if a subpath of length k > 2 is underlined, this will indicate that we are using a relation 
on that path found when considering I = k. Often when a relation is used on a path b of 
length k, which gives b as a linear combination of basis paths bi of length k, some of these 
paths bi are easily shown to be zero because the subpath given by the first / < k edges 
of bi was shown to be zero when considering paths of length /. When this is the case, we 
will usually omit the paths bi which are known to be zero in this way. We will denote 
by [rp], [r'p] the path which goes along the edge a, a' respectively, and similarly by [pq], 
\p'q] the path which goes along the edge (3, (3' respectively. Let a±, b± denote the scalars 

a± = sj [2] [4] ± v/pjjij, &± = ^[2] 2 ± v/pfpj, c± = (a 2 ± b±) / \a\b T ) , and e s the third root 
of unity e s = e^'" 1 )/ 3 for s = 1, 2, 3. 



Paths starting at vertex i s : 


i 


Paths 


2 


[isjsr] {[isjsk s \ = 0) 


3 


a \/[3][4] 1 a 

[isj s rp] = -e s [i s j s r p] - q = [i s j s k s p] = — e s [i s j s r p] 

a + yq2] a+ a + 


4 


[isjs'rpjs] = -e a — [i s j s r'pj s ], [i s j s rpq] 
a + 

( [i B j B rpj s ±i] = —e,±\ — [isj s r'pj s ±l] = ^ a ±i[i a j a rpj a ± 1 ] => [isj s rpj s ±i] = ) 
\ a + / 

( [isjsrp 1 q] = ^[isjsr'pq] = -ej"" 1 "^ 4 " [i s j s rpq]*) 

L*, \,^s,J 


5 


(:,,n,^ - ^ a-[ is j s r Pqks] -^ ^ a + [W^] = -e s ^la-(l + C+ )[i sje r Pqk A 

V Vl 3 M Vl 3 M VPH 4 ] / 

( [i s j s rpqk s ± 1 ] = -e s — [i a j a rp'qk s±1 ] = c + [isj s rpqk s ±i] => [i a j a rpqk a±1 ] = ) 

L^-,M^ CTgM 1 


6 


[4] b- 

([isj s rpqksis] = O) ( [i B j s rpqr'p] = e B -^^—[i s j s rpqk e p] = -ej° f [isjsrpqrp]* ) 
V / \ [4] b+ a+b+ ) 


7 


[isj s rpqrpq\ 

([isjsrp'q] = ^[isj s rpqr'pq] = e B ^ ^- [i s jsrpqk s pq] = -ej— [isjsrpqrpq]*} 
\ b- [4] b- a + J 

( a - I 2 ! °- 2 
[isjsrpqrpjs±i] = -e s ±i [isjsrpqr pj a ±i] = -e s e s ±i — — [isjsrpk 3 pj s ±i] = -e a es±ic-[isjsrpqrpjs±i] 

\ «+ W a + h + 

[isjsrpqrpjs±i] = oj ([isj a rpqrpj a ] = — ejpj ^± [i a j a rpqk a pjs] = O^j 


8 


[isjsrpqrpqks] ([i a j a rpqrpqr] = 




I [isj a rpqrpqk s ±i] = -e a ±i — [isjsrpqrp' qk a ±i] = E a ~e a ±i[i a j a rpqrpqk a ±i] => [i a j a rpqrpqk a ±{\ = 0) 


9 


[isj a rpqrpqk s is] ([i a j a rpqrpqk a p] = 


10 


([isjsrpqrpqk a i a j 3 ] = o) 
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Figure 16: Graphs 8[ 12 ^ and 



Paths starting at vertex j s : 

l Paths 



2 \jsrp], \j s r'p] ([jsk a i s ] = 0) ( \j s k s p] = -e a J^ a+\j s rp\* - e s -J^L a- [jsr'p]' 

3 [js rpj 3 > ] = -£ 3 ' — [j s r'p -js'] (s' G {s,s ± 1}), b>p<?], b >p'<? ] = ^[jsT-'pg] 

a+ 0— 

\j s r' P 'q] = - e . ^™ J-b'.Jfc.p',] -eJ^+^rA] = J-[j.k.w] -S^bVw] 
[2] a- a_ ^/[2] a + a_b_ 



-e s [j' s rpg]* - e s — (1 + c + )[j s r'pq] ) 
a + / 



[j s rp<jfc,,,] (s' S ± 1}), b' s rp'<?fc s ], [j s rpgr], [jsrp'qr] 



/pT v[2] 
b>pj s fc s ] = ~e s -j==za-\j s rpqk s ]* - e^—^=a + \j s rp'qk e ]' 



a/[2] vI^T 
V I 3 ] [4| V l 3 l i 4 J 



Vm , , _v/[2] a+6+ , 

vPIFJ VMM 6- 

-e s ±l-^^a-[j s rpijfe s± i] + + , + [ j a r'p' q k s±1 ] + e s ±i b's r 'pis±lfc s ±l] 



a_ (e s c+ - e s ±i) [j s rpqk s ±i] - ~ a+(l + c+)b'arj/qfc s ±i] - c+ [j s rpj s ±iA; s ±i] 



-/[2T 

= —===a_ (e s c + - e s± i + e»±ie,(l + c+)) b>P<? fc s±i] + (e s ±ie7 + (e s ±ie7 - l)c+) bsTJsilfcsil] 
V[3][4] 

=> L7,rpj. ±1 fc.±ij - ^_a_A s±1 b s r P(? fc 3±1 ] where A, ±1 - ^ ^ _ ^— ^ j 

b' s rp'ijfc s ±i] = -eI±T— [j s rpi3fc s ±i] - e s ±i — ^=3- — \j a rpj a ±ik a ±i] = -— fe±T~ e 3 ±i A^O \j s rpqk s ±i] 
a+ y^p] a+ a + V / 



r ■ / 1 [2] a + , 1 [2] r , [2] a+ , 

Now bsrp gr] = -e a — — [j a r pj s r ] - e s +i — — \j a rpj a+ ir] - e a -i — — \j e rpj a -ir] 

= \j s rpqr] + (e a e s+ i - e„+i) ^y^ljsrpjs+ir] + (e s e a -i - e„_i) |^ ^± \j s rpj s -ir], 
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but also b > pV] = b -±yy mr] =^j|f-b>W] + ^n{§f + 

o_ [4J b- |4] b- [A] b- 

a- r . , , , , [2] a , . [2] a , . 

= -Ea [Jsr p qr] + (e s+ i - e s e s+ i) 7-7 — Js^ PJs+ir] + (e s _i - e s e s _i) — — [j s r pj s _ir 

a+ [4] o_ [4] o_ 



"— [jsrpqr] + — (1 + c+)[j s r'pqr] + (e s - e s+ l) j^j ^— [j s rpj a+1 r] + (e s - e s _i)|^|^- 
a+ ai_ [4] o_ [4] »„ 



a_ , [2] a_ [2] a_ 

= «s [jsrpqr] + (c_ + 1) [j s rp qr] + (e s - e B+1 ) — — [j B rpj B+1 r] + (e s - e s -i) — — \j s rpj s -ir] 

a+ [4] 6_ [4] b_ 

r . , , a+bj- r . . . . [21 a+ r . . . . [2] a+ r . . , . . 

=>■ bsH> <?H = - £ s — tfs*W + Os+i - e s )-j--— c + [j s rpj s+ ir] + (e s _i - e s ) — — c + j s rpj s _ir]. (ft) 

a_f>_ [4J b_ [4J b„ 

Then from (f), (ff) wc obtain [j B rpj B -ir] = fJ.[j B rpj B +ir] where /i — 



So W~ \jsrpqr] = e B [j B rpj B r] + e s+ i [j s rpj s +ir] + e s _i [j s rpj s _ir] = e B [j B rpj B r] + (e s+ i + e s _i£t) [j B rpj B+1 r], (ttt) 
[2] a_ 

and § — b>?V] = -e s [j>PJ>] - e B+1 [j B rpj B+ ir] + -e s _ib' s rpj s _ir] = -e s \j s rpj s r] - (e s+1 + e B ^ 1 fi) [j B rpj B+1 r], 
[2] a + 

. . . , i b + i b- . 

giving [j B rpj B+1 r] = e B - Usrpqr] + e B - [j B rp qr]' 

1 — [i a_ 1 — a_|_ 



/. . , . iit 6+ r . iu, b- . . , ,„\ 

[ jsrpj s „ir ] = /j[j s rpj s+ ir] = e s - [js^pgr] + e s - [j s rp gr] 

\ 1 — /i a_ 1 — ft a+ / 

)> [?>p.?>] = e s || — [j B rpqr] - e B (eTZT + e7Zl>) b>Pjs+ir] 
[2J a_ 

= e s — H [j s rpgr] + es [j 3 rp qr 

a_ V [2] 1 - M / a+ 1 - A* / 

[j B rpqk B i B ] = -e B — [j B rp' qk B i B ], [j B rpqk B p], [j B rpqk B+ ip] , [j s rpgfc s _ip] 
a_ 

[j a r pgfc a±1 i s± i] = -e 3 ±i^ 1 [ j a rp / gfc s± i i s± i] = (l - es ± lX^l) [js r pqk B ± 1 i B ±i] => [j B rpqk B ± 1 i B ± 1 ] = oj 

a— a— 6— , 

Now [jsrpijrp] = -e s - — j(1 - /i) [j B rpj B+ irp] - e s — [j B rp qrp] 

6+ a +"+ 

VP] a+b+ 6+ [4] 6+ 

[2] a - r / , i [2] a- r / , 
+ e s+ie B — — [ ] B rp qk B+1 p ] + e B - 1 € B — — [ j B rp qk B -!p ] 
[4] b+ [4] b+ 

= 7- fea^+iCl + »(1 ~ - [j s rp(jfc s+ ip] - e s — [j s rp<jrp] - ej & [j s rp'i?rp] 

+ 77TT- 1 y sr P''? fcs P] - e7ZTe s =— (eZTT- es-iA^j) [i s rpgfe s _ip] 

[4J o+ O-+0+ v ' 

— f- fesA^^l + i(l - /i)) - e s e s+ i) [j B rpqk B+1 p] - e s — [j B rpqrp] + t B+ ie B -!- [j s rp'gfc s+ ip] 
a_|_t>+ V T / a_ [4] 0-|- 



he 3 -ie S 77T 7^-[j>p'<?fc a -iP] + r^^—\jarp' qk 3 p] - e s _ie s — (e s -i - e a -iX^2A [j B rpqk B -!p] 

[A] b+ [4] b+ a+b+ V J 

77I (e s+ ie7 - ejA^jM + a_e s A^'9 1 (l + i(l - fi)) - a-e B e B+ i) [j B rpqk B+ ip] - e s — [j B rpqrp] 



a+b+ VM 

-eTXTe a |-| a ~ (a_ + e s ) f eTZJ - e^-iA^O [j s rpgfc 3 _ip] + -— [j B rp'qk B p] 
[4] a + 6+ V 7 [4] b+ 

, r. i _[2]a+ r , , _[2]a +r , , _[2] a+ r 
but also [j s rpgrp = -e s — — [j 3 rpgA: s p] - e s+ i — — [j B rpqk B+ ip] - e s _i — — [] B rpqk s -ip] 
[4] o_ [4J o_ [4J o_ 

so that [j B rp'qk B p] = -e7 ° + f + [i s rpgfc a p]* + A^ 5) [j s r-p<jA; s+ ip]* + e s e7ZT— fe^T — e a _iA^M [j' s rpgfc s _ip]* 

, .(5) o— ( .(4) \ [4] a" i(l -M) >(4) 

where Aj = e s e s+ i I e s+ i - e 3+i A^ /, ) - e 3 — ■ AV 1 

a + V 2 ]a + e s +a- ^ 



([jsrpqrp] = -e e -^-^[j s r Pq k s p]* - e B+1 ^-^[j B rpqk B+1 p]* - e B - 1 ^-^[j B rpqk B - 1 p]" 



.[2]a+ [2]a+, 

__ b .r M fc. +1 p] -e.-i^T- 
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/ , 2 O- r- ,1* 2 a " r- , T* 2 C~ r- 

[j s rp qr p | = e a — — [j s rpqfc s p| + e a+i — — [j s rp<?fc s+ ipj + e s _i — — [j s rpgfc s _ip 
[4] b+ [4] 6+ [4] b+ 

[A\ b- [4] b- [4] b- 

= 6s ll + it \jsrpqk a p\* + \ i f > \j s rpqk s+1 p}*, where A^ 5) = _i t ( 1 ^ A^ 
[4J a_o_ o_ e s + a_ T 

r • / / , I 2 ] a - r • / , , I 2 ] a - r • / , i [ 2 ] a - r ■ / , 

[j s rp gr p] = e B — — \ j s rp qk s p ] + e s+1 — — [ j B rp gk s+1 p ] + e s _i — — [ j s rp gfcg-ig 
[4] 6+ [4] b+ [4] 6+ 

= -^j^Us'rpqksp]* + xl o) [j s rpqk s+1 p]* + \[ o) \j 3 rpqk e -ip\* , 

, .(5) , [2] ai / (4) \ _ at (4) 

where A^ = (<e s <e s+ i - e«+l) rTT r~ ( e s+i - e s +i-^+l 1 - es ■ A^' 

[4] a + b + V ' a + b + e s + a- 

f 6 1 [2] a 2 _ , (4 > s 

and \\ = (e s e s _i - £3-1)— ^ fe (^s-l - e s -iA^j' 1 J . 

6 [>rpg fc a t a j a ] = -^-^[jsrpqkspja], [jsrpqk s pj s ±i], [j s rpq k a pq ] = -e s — [j s rpqk s p'q], 

vPI — a - 

[j' B rpgfc s+ ipg] = -e a+ i — [j s rpqk s+1 p'q] ([jsrpqk a±1 pj s± i] = 

(^From [ j s rpqk s p j s+1 ] = -e s ^ — [j s rpqrpj a+1 ] - e a e^Zi]j s rpqk a -ipj a +i] 
V [2] a+ 



[4] a-6_ , . . 

— \ Jsrpgr p] a+ i\ - e s e s _i L? 3 rpgA: s _ipj s+ i] 



L [2] a 2 

= e7e s+ ic_[j s rp5A; s pi s+ i] + e s e^TT(c_ - 1) [j a rpqk a - 1 pj a+1 ] 
giving (c_ - 1) [i s rpgfe s _ipj s+ i] = (eje s _i - c_) [j s rpgfc s pj 3+ i]* j 
(Similarly (c_ - 1) [j s rpgfe s +ipj s _i] = (ele s +i - c_) [j s rpqfc s pj s _i]*) 

(^Now [j a rpqk a+1 pj a ] = M — [j s rpg rpj a ] - ele s +i [j s rpgfc s pj s ] - e^Te a+ i[j' s rpgfe s -ipi s ] 
V [2] a+ 

= £s£3 + 1 7^T a ~o ~ bsrpqr'pj a ] -T;e s+1 [j s rpqk s pj a ] -T s -^[e s+1 [j s rpqk s - 1 pj s } 

= e7e s+ i (c_ - 1) [j s rpqk s pj a ] + e s eJ^Tc_ [j s rpqk s+1 pj s ] - (eJZT[e s + 1 - c_) \j s rpqk s -ipj s ], 

so that (1 - estT+Ic-) [j a rpqk s+ ipj a ] = ele s +i (c_ - 1) [jsrpqk s pjs] - (e7^Te 3 +i - c_) [j s rpgfc s _ipj a ]. (f) 

1 [2] 1+6+ 1 

But also \ j a rpqk s+1 pj s ] = T^\j*rp q rpjs ] +e s - -~ 7?r \jsrpqk s pj s ] 

A ^5) [4] d-bt \f> 

a + \ { 2 a > M a - b - \f> 

I 2 ] , 1 , , a_ A' 5) r , a_ A. 5) r 

= — es T7TI — v ~ c +)—F^Usrpqk s pjs] + e s jtt [j s rpqk a+1 pj B ] + e s 7~\j s rpqk s -ipj s , 

[4] 6- Ai, 5) «+ A^ 5) «+ A^ 5) 

/ a _ A (5) \ [ 2 ] a_ 1 a_ A (5) 
so that 1 - e s f— [j B rpqk s +ipj s ] = -£s-rx — (1 - c + )— — ■ [i s rpgfc a pj 3 ] + e s f^- [j s rpqk s -ipj s ]. (ft) 

Then from (J), (H) we obtain A^ 6) [j B rpgfc s _ipj s ] = A^ 6) [j s rpgfc s pi s ]* 

(6) / «- A< 5) \ , N a_ A« / 
where Ai = 1 - e s f— (e s + 1 e s -i — c_) + 7^7 (1 - e s e s +ic_) 

V a + 4^ J a + ^ 

and 4«) =e .M2r_^ ( i_ es ^c_ ) (1 - c+ ) - ej es+1 ^1 - e , ^ ^ J (1 - c_) 

^From (J), [j s rpqk s+1 pj s ] = A^ 6) [j' s rpgfc s pj s ]*, 

/ A (6)\ 
where A^ 6) = I -e7e s+ i(l - c_) - (e s +ies^T — c_) J (1 - e s e7^Tc_) _1 

a_o_ a+ V / 
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-e s ^i=t - — [j a rpj a k a pq] - e a — (l - c + )[j a rpqk a pq] - e s e s _i— fe s _i - e s _iAl 4) ) [j s rpqk s -ipq] 
VP] a+ a+ a+ V / 



e s[is ? 'Pjs r P'?] + — [jsrpj B r'pq] - e B — (1 - c + )[j s rpgfc s pq] - e s e s _i— (e s _i - e s _iA^ 4) ) [j 3 rpi}fc s _ip<5r] 
a_|_ a+ a+ V / 

6+ / [4] iu \ , . , b- in , . , . 6+ / [41 iit \ . . , . 

T^T + i [ jsrpqrp q] + es \ ] s rp qrp q] + e a — + hsrpqr p q] 

a_ \[2\ 1 — [i J a+ 1 — n a_|_ \ \2\ 1 — fj, J 

■[jsrp'qr'pq] - ej— (1 - c + )[j s rpqk s pq] - e s e7TT— (e^Tf — A* 4) ) [j s rpqk a - X pq] 

I Hi Oi V / 



o? + 1 — M — ; — - a+ < """""" " a+ 

= ^i 6) [j>P9fcs+iPg] + *5 bsrpqk s -!pq] 

, .(6) a- , ^ (, . [2] « (eJ+T + e^T/i) \ . i (e7+T + cI^Tm) /_a_6_ ( 6 ) ,(5) 

where Ai = e s+ i (e s e 3 +i - c+) 1 + 777 H e s — =— AX - e s AX 

a + V [4] 1 - M / 1 - At V a + a + 



v(6) 
*5 



_<*- , , A . [2] i (e s +i + e s _i/x)\ o_6_t(e s+ i + e 8 _i/i) (5) 

1 (e s e s _i - c+) 1 + — : *4 

a+ V 4 1 - A* / «+ 1 - A« 



-6s£s-l I £s-l — Es-1: 



Thus xf'\j s rpqk a -ipq] = (A^ 5) - A^ 6) )[j s rpgfc s+ ipg]' 
7 [j s rpqksisjsr\, [j a rpqk s pqk s \ , 

[j a rpqk a pj a ±ik a±1 ] = -e a ± 1 ——=a-[j a rpqk a pqk a ± 1 ] - £7±T—z==a+ [ j s rpqk a p' q k s±1 ] 

vMFI VMM 



[2] ( 

o_(e s e s ±i - e s ±x)\j s rpqk 8 pqk s ±x] [ j s rpqk s pj s k s ] = — [j s rpqk s i s j s k s ] = 



y a rpgfe s+ ipgfe s ] = -17 — — [j s rpqk s+1 pj s k s ] - e s — [j s rpqk s+1 p'qk s ] = e s e^p[[j s rpqk s+1 pqk s ] 
a/ 21 a_ a_ 



/[2] a_ 
= ^ 

Now [j B rpqk a _ipj a+ ir] = e s+1 -£- — \j s rpqk s -ipqr] - e s e s+1 [j s rpqk a -ipj s r] 
[2] a- 

[2] a± \[ 6 > 

A (6) 

= c+Usrpqks-ipjsr] + e s +ie s -ic + \j s rpqk s -ipj s +ir] - e B e s+1 ^—[jsrpqk s pjsr] 
\\ b) 

A (6) 

= T s -^ie 3 - 1 c + [j s rpqk s - 1 pj 3+1 r] + (c+ - eje s+ i) -^y \j s rpqk s pj s r] 

A (6) 

So (1 - e7+Te s ^ 1 c + ) \j s rpqk s -ipj s +ir] = (c + -e^e s+1 ) -^r[j s rpqk a pj s r\. 

Then [j a rpqk a pj a+1 r] = ■ = ^- [j a rpqk a -ipj a+ ir] = A^ 7 ' \j a rpqk a pj a r]* , 

e a e a -i~ c- 

where A< 7 > - ^ («^ " IK'M- "^H-l) 



A ^ 6) (e s e a -i - c_)(l - e 3+ ie s _ic + ) 

( Similarly [j s rpijfc s pj s _ir] = a1 7) [>rpi}fc s pj s r]*, where Ai 7) = a! 6) ± 1 ^ — - 

V (e a e a + 1 - c-)(l - e a + 1 e a -ic+) 

(,. , . _[2]a_ r . , . , [2]a_ r . , . , [2] a_ r . , . 

|>n»9KsPgH = ^7-7 — [j s rpgfc s pj s r] + e 3+ i — — [ j s rpgfc s pj a+ ir ] + e a _i — — [ j s rpgfc 3 pj s _ir ] 

= jjj^ (?7 + ?^TA^ 7) +eJTTA^ 7) ) [j>pgfc 3 pj s r]*^ 

[j a rpqk a+1 pqr] = elj^j ^ [ j s rpgfc s+ ipj 3 r] + el^T^j ^ [ j s rpgfc s+ ipj s _ir ] 
[4] b+ [4J b+ 

= 7t|t^ A 3 6) fel + eJ^T--^ — e ae "~ 1 ) [j s rpgfe s pj' s r]* 
[4] b+ V 1 - e s + ie s -ic + / 
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VP] a_ a_ 



VWTi] 1 c- - €7e s+i . . 

-e«-l ;== : [j s rpi}fc s pj s _ifc s _i] + e s+ ie s _i \j B rpqk s +ipqk a -i\ 

VP] a,- 1 — c_ 

(e7^Te s _l - l)[j s rpqk s+1 pqk a -t] = eJZT^^^- — C ~ £s<Ss+1 [j s rpgfc s pj s _ifc 3 _i]* 

VP] «- l-c- 



( Similarly (e s _ie s+ i - l)[j s rpgfc s _ipijfc s+ i] = e s+1 — [j|H_L c '"" t ' [j s rpqk s pj s+1 k s+1 



V vPI a - i 

giving (A^ j) - A^ 6) )[ j>p(7fc s+ ipg fc s+ i] = A^ 6) [ j a rpqk a - 1 pqk a+1 ] 

VMM 1 v (6) c_-?7e s _i . 

VP] a_ (e s _ie s+ i - 1)(1 - c_) 

[j a rpqk a pqk s i s ], [j a rpqk a pqk a p] ([j a rpqk a p j a+ ik a+1 i a+ i ] = 6) ([j a rpqk a p j a - 1 k a - 1 i 3 ^ 1 ] = o) 
[2] a+ 



» - f (es + e s+ iAP +e s _iA^ 7) ) [ j a rpqk a pj a rp] - est s + 1 S — [j'srygfesMs+ifc+ip] 

a+o+ v y ese s +l— + l VP] a ~ 



e s e s -i — e s _i VPI a 
[2] a+ 



— — (c- +e s (l + c_) (e s+ iAP + e s _iAl 7 ' ) )) [j a rpqk a i a j a rp], 
[4] a_ v v / / 

so [j a rpqk a i a j a rp] = —^—[j a rpqk a pqk a p]* where A* 8 ' = ^J=J — fc_ +e s (l + c_) (eT+TaP + e^TTA^)) . ] 

x[ 8) VW a - V V 7 7 / 

[j a rpqk a i a j a r'p] = -e^—\j a rpqk a i a j a rp] = -e a -——^—{j a rpqk a pqk a p]* 
a_ a_ A (8) 



VP] vPI 

[j>pgfc s pj s+ ifc 3+ ip] = -e a+ i— ===a + [j a rpqk a pj a+1 rp] - '£ a r^—===a-[j a rpqk a pj a+ ir'p\ 

VMM VMM 

__ v^PI ( 7 ) r . 



/T - T7 ^ a+A^ [ j a rpqk a pj a rp] - e 3+1 — ===a_A^ [ j a rpqk a pj a r'p] 

V IAI l 4 J V [■'J l 4 J 



[4]V]3] ^ ; [4] VP] 

[2] A (7) 



\ (7) 



[21 A 
Similarly \j s rpqk s pj s -ik s -ip] = (e s _i - e s e s _i)a+ [j.,rp<jfc s pqfc s p]* 



9 ^rpgfcspq fcgj^] = --^Sb>pgfc s pgfc s pj s 
V1 2 J 



(We know from the Hilbert series of 1311 Theorem 1 3. II that all paths of length 9 ending at any other vertex v ^ j a are zero) 

Let u iv (i) = u iaU ( ia ) be the (non-zero) path u iu ^ = [i s j s rpqrpqk s i s ] of length 9. We 
have 



/[2T /T2T 
[ j s k s p gk s i s j s rpj s } = -e s j== a + [j s rpqk s i s j s rpj s ) -T s y r —— a_\ j s r'pq k s i s j s rpj s 



a/PI 

—7== a+ ( 1 - c_ ) [ j s rpqk s i s j s rpj s 
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[2] „ „ . ^(8) 



a+(l - c_)A^ [j s rpqk s pqk s pj s 



[2] „ n „ u (s) 



[4] VP] 
Then 

Uj«/(0 1/ ( a <j) = [jsrpqrp qk s i s j s 



a+(l - C-)X\'[j s rpqk s pqk s i s j s }. 



-^s^^\j s rpqk s pqk s i s js\ - e s+1 H ^± [ j s rpqk s+1 pqk s i s j s } 
-e^T pj ^ [ jsrpqks-m ksisjs] 

~ e ^]P Js?T<? P<? ~ 65-1 [4[ 6 [ Jsrpqk s+l pqk s i s j s 

-eJpj ^ [j s rpqk s pqk s i s j s ] 
d[j s k s pqk s i s j s rpj s } = da jk v', 



where t>' = [k s pqk s i s j s rpj s ] is symmetric and d = — e s -y/[3]/6_A^(l — c_) is non-zero. 
Hence C — 1. 



(12) 

A. 2 £3 graph for the conformal embedding 5t/(3)g C (^e)i * ^3 

/-^2 > i (12) 

The graph E\ , illustrated in Figure HH is a ^3 orbifold of 5] . Every cell system W 
for £2 is equivalent to either a cell system VT + or the inequivalent cell system W~ [251 
Theorem 11.1]. We will use the solution W + . The solution W~ is obtained from W + by 
taking the conjugation of the graph £[ 1 , that is, = ^ivyua) where y? is the 

( 12*) 

map which reflects the graph S\ about the plane which passes through the vertices i, pi, 

(12) 

P2 and P3, and reverses the direction of each edge. For the graph E\ the automorphism 
v is the identity. We choose i, j, k as labelled on the graph E\ in Figure [TBI We will 
write out a basis for the space of paths which start from the vertices i, k. Let a±, b± 

denote the scalars a± = \J [2] [4] ± x/pjpj, 6± = a/[2] 2 ± x/pfpj and c± = (a|6 ± )/(a^6 T ). 
Paths starting at vertex i: 



/ 


Paths 






2 


[ijri\, 


[ijr 2 \, [ijr 3 \ 


Qijfcj =0) 


3 


[ijnpi] = 


«+r.. , 

sjrapi , 


[ij>2P2] = -— [ij>3P2]) [ij>3P3] = — — fo>iP3] 






a— 


u_ a_ 


1 


\ijripi_qi] 


a + r ■ ■ i 


= - a+b+ [ijr 2 p2qi] = c + [ijr 3 p 2 qi], 






a_ 


a—b— 




[ijr2P2q2] 


a +f 1 
= 


— __ a + b + [ijr 3 p 3 q 2 ] = c + [ijnp 3 q 2 ], 






a_ 


a—b— 




[ijr 3 p 3 q 3 ] 


a +r.. , 

= »jrip 3 93 

a- 


= - a+b+ [ijnpig 3 ] = c + [ijr 2 piq 3 ], 
a—b- 



[ijripij] = - — [ijrip 3 j] = [ijr 3 p 3 j] = - — [ijr 3 p 2 j] = [ijr 2 p 2 j] = - — [ijr 2 pij] 
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[ijripiqir 2 ] = [ijnpi jr 2 ] , [jj>2P292»"3] = 7^ [ij> 2 p2 J> 3 ] , [ijr3p 3 g 3 ri] = -±- [i jr 3 p 3 jr 1] , [ijripiqik] 



Now [Jjripigifej = — ijripijfc ijr-ipi93« = 7= [ijrip 3 jk\ 7— «jnP393K 

a + a + vPI a - — a + fe + 



-[iinp392fc] - — (1 + c-)[ijr 1 p 3 q 3 k] = -C-[ijr 2 p2q2k] + (1 + c + )[ij>2pig 3 fe] 
a_ 



a_ a/ [3] [4] 1 a-/-, ,i 
— c_[jjr 2 p 2 <jifcj H — c_[«jr 2 p 2 jfej (1 + c+) tjripig 3 fc 



-c 2 _[ijr 1 p 1 q 1 k] H — c_ [ij npu'fc] - — (1 + c + )[jjripig 3 fe] 

VP] <H a + 



= — (c 2 __ - c + - 1) [ij>ipig 3 fc] + VI^l J_ ( c 2_ + c _-j [i 3 > 1 p 1 jfe] | 
a+ VP] a + 

and comparing this with the first equality [ijnpiqik] = — ^ _1L — [ij^lPlife] foVlPl93fc] 

vPI a + a + 
\/PI c + ~ c i 

we obtain UjriPijk] = u\ijripiq 3 k], where a = — a 

v / [3][4l 1 + £_+<£ 

Similarly [ijr 2 p2jk] = fi[ijr 2 p2qik] and [ij>3p 3 .jfc] = IJ.{ijr 3 pzq 2 k]. 



m , ,1 a/ [3] [4] 1 r ,■,<*-, / n/[3][4] 1 a- 1 , 

Thus [tjn pigife j = — kmpijfc] [ jjripiggfc j = = l unpij fcj 

V[2] a+ a+ V V[2] a+ a+ M , " 



[urgpgjfcj = [i]r 2 p 2 q2k\, 



y/[A a + a + V 

so [ij> 2 p2<j2fc] = [ijrxpxq^]* , and similarly [ijr 3 p 3 q 3 k] = [ijr 1 p 1 q 1 k]* 



J[3]U] 1 a- 1 . 

From the previous computation wc have ['jj'ripu'fc] = == [ij'ripiqik\ 

VP] a+ a+ /i 



-1 



/ r , / JWfi 1 a_ l\ r . / vTsTTi] 1 a_ l\ , 

Similarly [ijr 2 p2jk] = = \ijr2P 2 q 2 k\ = 7= U>lPl?l« , 

V V VPT a+ a+ V vPI a + a + P J 

a r-- -w f vTaTFI 1 a- A" 1 A 

and [Jjr 3 p 3 jfc] = — [ijripigife] 

\ V[2] a+ a+ J 

6 [ij'ripigir2Pi] = ^i[y>ipigifcpi] = -±- [ijr 3 p 3 i? 3 fcpi] = [ij'r 3 p 3 <j 3 ripi], 

o_ o_ 

[u>2P2g2f 3 p2] = ^ L [jj>2P292fcp2] = -i [ijripiqikp2] = [ijripiqir2p 2 ], 
o_ t>_ 

[ijr 3 p 3 5 3 rip 3 ] = ^ [r/r 3 p 3 (j 3 fcp 3 ] = [ij>2P292fcp3] = fo>2P2<J2r3P3] 
o_ o_ 

\ [ijripiqiki] = \ — ——] [ijnpijki] = ) 

v v vPi a + a + p J — / 

7 [ijr 1 p 1 q 1 r 2 piq 1 ] = -^[ijr\piq\r 2 p 2 qi\ = -^[ijr2p 2 q 2 r3P2q\\, 

o_ 0- 

[ij>2P292r 3 p2?2] = j^[ijr 2 p 2 q2r 3 p-iq2] = 7^fo>3P393''lP3?2], 
D_ 0_ 

fo>3P3g 3 rip3(33] = ^[ijrzpzqsnp-iqz] = -^[ijripi<jir 2 piq 3 ], 
o_ o_ 

(Now [ijripigi^pij] = — [ijr\p\q\kp\j], but also [ijripiqir2pij] = [ij>ipigir2P2j] = [ijripiqikp2j], 
0— a+ b— 

9 9 

a_ a_ a_ a_ 

and [ijripiqir 2 pij] = \ijr\p\q\T2p2j\ = [ijr 2 p2q2r3p 2 j] = -o-fo>2P2?2^3P3i] = ; — [ij>2P292feP3i] 

a+ a+ a+O— 

al 

= —{ijripiqikp 3 j]. Now since [«j>ipi(?ifcij] = 0, 

a+o_ 

-^fflpinpigifeii] = [ijnpiqikpij] + [ijnpigifep2i] + [ijripiqikp 3 j] = — (— + — —l) [ijripiqmpij] = 0, 
y/[2] a- \a+ a_ / 
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so [ijripiqmpij] = [ijr 2P 2q2r 3 p 2 j] = [ijr 3P3 q 3 ri P3 j] = 0. 

[ijriPiqir 2 piqik] = - — [ijr 1 p 1 q 1 r 2 p 1 q 3 k] = -^^-[ijrspzqzrxpsqsk] = C-[ijr 3 p 3 q 3 rip 3 q 2 k] 
a+ a +ft+ 

= ^-c-[ijr2P2q2r 3 p2q2k] ^fe>ipiqrr 2 piqir 2 ] = ^ [ ijripiqiT2Pi j r 2 ] = 
[ijr 2 p 2 q 2 r 3 p2q2r 3 ] = j^ L [ ijr 2 P2q2r 3 P2j r 3 ] = 0J f [ijr 3 p3q3ri p 3 q 3 ri ] = fa> 3 p 3 g3rip 3 j ri] = 



9 [ijr 1 piq 1 r 2 p 1 q 1 ki] [ijr 1 p 1 q 1 r 2 piqikp 1 ] = [ijr 1 piq 1 r 2 p 1 q 1 r 2 pi] = 

V <H 

[ijripiqir 2 piqikp2] = - — c_ [ijr 2 p 2 <j 2 r3p 2 q 2 fcp 2 ] = — c_ [«jr 2 p 2 <? 2 r 3P2<?2»~3P2] = 

6+ 

a_6 ft_ 

^jripigir 2 pigifcp 3j = — [ijr 3 p 3 q 3 rip 3 q 3 kp 3 \ = c_ ^Jr 3 p3g3rip 3 i?3r 1 p 3| = 

d-fft-t- ct— 



10 ^[«J>ipigir- 2 pigifcij] = OJ 

Paths starting at vertex k: 



1 Paths 

2 [fcpigi] = - — [kp 2 qi\, [fcp252] = - — [fcp3Q 2 T [fcp3<?3] = - — [fcpigsT [ fc PU']> [k~P2j], [fcp3j] 

a_ a_ a_ 



[kij] = -^[k Pl j]* - ^[k P 2j]' " 

vP] 



a_ a?! a_ a?! 

[fepigiJ-2] = [fcp2gi»"2] = T—[kp2jr 2 ], [fcp2<?2»* 3 ] = [A:p3lJ2r3] = ^[fcP3J>3], 

a+ a +ft+ a + a +"+ 

2 

a_ a_ 

[ fcp 3 g 3 ri] = [fc pig 3 ri ] = — [kpijn], 

a+ a +ft+ 

[fcpijr 3 ], [fcp2jri], [fcp3J>2], [fcpigifc], [fcp2<J2fc], [fcp3<? 3 fe] 

[kpijr-2] = —[kpiqm]*) ([kp2jr 3 ] = — [kp 2 q2r 3 \* J ( [fcp3J>i] = — [fcp393ri] 
a+ J \ a+ /V a+ 



[2] v [2] V [2] 

[fc gjjfc] = ^=?Q-[ fcPi93fc ] ==a + [fcpi5ifc] = -— ==a+ ([fcp 3 <J3fc]* - [fcpigifc]*) 

vMFI vMFI v\sm 

(/pj vT2j 
Similarly [fcp 2 jfc] = ffl+ ([fcpigifc]* - [fcp 2 <? 2 fc]*) , and [fcp 3 jfc] = a + ([fcp 2 q 2 fc]* - [fcp393fe]*) 

4 [fcpiqifcpi] = — [fcpigir 2 pi], [kp2q2k P 2] = — [fcp 2 g 2 r 3 p 2 ], [kp 3 q 3 kp 3 ] = —[kp 3 q 3 r lP3 ], 
a+ a+ 

[fcpi<jifcp 2 ] = — — [fepigir 2 p 2 ], [fcp292fcp3] = — — [kp 2 q 2 r 3 p 3 ], [kp 3 q 3 kp{\ = - — [kp 3 q 3 ripi], 
a_ a_ a_ 

[fcpi<?ifep3], [fep292fcpi], [kp 3 q 3 k P 2], [k Pl qiki] = - — [kp2qiki] = [kp 2 q2ki] = -—[k P3 q 2 ki] = [k P3 q 3 ki] 

a.)- a+ 



[fepiir 3 p 2 ] = tfP — [kpijkp 2 ] - — [kpijr 2 P2] = [kpiqikp 2 ] - [kp 3 q 3 kp 2 ] - \ [fcpigir 2 p 2 ] 

vT2] a + a + < 

= (1 + C-)[kp 1 q 1 kp2\* - [kp 3 q 3 kp 2 ]* 

Similarly [kp 2 jr lP3 ] = (1 + c_)[fcp 2 q 2 fep 3 ]* - [fcpi<jifcp 3 ]* and [kp 3 jr 2 pi] = (1 + c_)[fcp3g 3 A:pi]* - [fcp 2 <? 2 fcpi] 

[fcp U> 3 p 3 ] = - ^^115 — [ kpijkp 3 ] - — [ fcpu>ip 3 ] = - — [kp 3 q 3 kp 3 ] + — [fcpigifcp 3 ] ±^ [fcg3ggnP3 ] 

[2] a_ i- i- i— o_ 



— [kpiqikp 3 ]* - — (1 + c+)[fcp3<j3fcp3]* 



Similarly [fcp2J>ipi] = — [fcp2?2fcpi]* — (1 + c+)[fcpigifcpi]* 



and [fcp3ir 2 p 2 ] = — [A:p353fcp2]* - — (1 + c + )[kp2q2kp2] 
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[fcpi<?lfcpi?l] = - — [kpiqikp^qi\, [fcp292feP292] = - — [fcp2<?2fcp392], \kp3q3kp3q3] = - — [kpsqskpiqs], 
a+ a+ a+ 

[fcpigifcp353] = - — [A;pi9ifcpi93]i [fcp292fcpigi] = — — [fcp292*:p29i], [fcp393fcp2<?2] = — — [fcp393fcP392], 
a+ a+ a+ 

[fepigifcpij] = — [kpiqinpij] = - a ~\~ [fcpigiT- 2 p2j] = c_[fcpigifep 2 j], 
a+ 

[fcp29 2 A;p2i] = — [fcp2<?2r3P2j] = - a ~ ? b ~ [fcp2g 2 r3P3i] = C_ [fcp292*:P3j] , 
a+ 

[fcp 3 g 3 fcp 3 j ] = — [fcp3<J3nP3i] = - a ~ h > ~ [A:p3 g3nPi j] = c_[fcp 3 53fcpij], [kpxqxkij] 



a 



2 



I [fcp 3 g 3 fcpigi] = [fcP353fcP2?l] = ^5-[fcP3<?2fcP2?l] H 7=^^-[fcP3ifcP2gi] 



a+ ^[2] a 

a a 2 a 

- — [fcp2<?2fcP25l] 5 L [fcP3j>2P29l] — [fcp3j>3P29l] 

a_|_ a+ 

- — [fcp2?2fcp 2 gi] — c_ [fcpajVapigi] - — [fcp2g2r3P2gi] 

a+ a— 



- — (1 + c + )[fcp 2 <j2fcp2Pi] + — c_[fep3j>ipigi] H ^^a_e_[fcp3jfcpiqi] 

a + a + ^[2] 



(1 + c+)[fcp2<?2fcpiPl] + 2 c_ [fcp 3 g 3 ripigi] - — c_ [fcp 3 g2fcpigi] - c_ [fcp3g 3 fcpigi] 



= (1 + c + + c_) [fcp2g2fcpipi] - (c- + c 2 ) [fcp 3 g 3 fcpigi] 

1 + C- +c 2 _ 

■ ^i[kp3qakpiqi] = [kp 2 q2kpipi] where /11 



1 + c + + c_ 

(Similarly /ii [fcpigifcp2g2] = [fcp3g3&P2P2]* and fj,i \kp2qikpzq?\ = [fcpigifcp3P3]*) 



[fcpigi fcpgj] = -[fepigifcpij] - [ fcpigifcp2j ] -^[fcpigifeij] = -(1 + c+)[fcpigifcpij]* -^j[fcpigifcij]* 



[kp 2 q2kpij] = -\kp 2 q2kp 2 j} - [ kp2g 2 kp3j ] [ kp2g2kij ] = -(1 + c + )[fcp 2 g2fcp2j]* -|S[fcpigifcij]* 

v[2] v[2] 



^Similarly [A,-p 3 g 3 fcp2j] = -(1 + c + ) [fcp 3 g 3 fcp 3 j]* - ^=[fcpigifcy]*^ 



6 [fcpigifcpigir 2 ] = [fcpigifcpijr 2 ], [fep292fep292f3] = ^-[kp2q2kp2jr 3 ], [fcp 3 g 3 fcp 3 g 3 ri] = 5± [fcp 3 g 3 fcp 3 jnj 
o_ o_ o_ 

[fcp2g2fcpigiT2], [fep3g3fep2g2T"3], [fcpigifcp3g 3 ri], [kpiqikpijk], \kp2q2kp\jk\, [kp 3 q 3 kpijk] 

[kpiqikpijri] = — — [fcpigifcpig 3 ri] = a+ „ &+ [fcpigifcp 3 g 3 ri]' 
a_ a_ 

^Similarly [fcp 2 g2fcp2J>2] = °"^2 + i k P2q2kpiqir 2 ]* and [fcp 3 g 3 fcp3jr 3 ] = [fcp 3 g 3 fcp2g2r 3 ]*^ 



'21 v[2] v[2] 
[fcpigifctj'n] = — ^=[fepigifcpu>i] — [ kp 1 g 1 kp 2 j r 1 ] — [fcpigifc pgjri] 

W VW VP] 



r=(! + c_)[fepigifcpij>i] 7= — [fcpigifcp393fi] = J= + (1 + 2c_) [fcpigifcp3g3ri] : 

[4] vW\ a + VP] a - 



| Similarly [fcpigifcij^] = [fcp2g2fcij>2] = — -^7= a+ 9 &+ (1 + 2c_) [fcp292fcpigir2]* 

V vPl a - 



and [ fcpigifcij r 3 ] = [fep 3 g 3 fcijr 3 ] = J|^±^- (1 + 2c J) [kp 3 q 3 kp 2 q 2 r 3 ]' 

\/W} a - 



[kp 1 q 1 kp 1 jr 3 ] = c_ [fcpigifcp2j'r 3 ] = — c_ [fcpigifcp 2 g2r 3 ] = — — c_ [fcp 3 g 3 fcp2g2r 3 ]' 
a+ Mi a + 

(Similarly [kp 2 q 2 kp 2 jr 1 ] = — c_[fcpigifcp3g3ri]* and [fep3g3fep3J> 2 ] = c_ [fcp2g2fcpigir'2] 

V Ml a + Mi a + 



Now [kpiqik piqik ] = ~ — [kp l q l kp l q l _ 1 k] 7==^ — [kpiqikpijk] = [kpmkpi-iqi^k] j=Q — [kpiqikpijk] 
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Ati[fcp ;+ i(j ;+ ifcp;_ig;_ifc] - — [kpmkpijk] 
VT2] a+ 



V-i[kpi+iqi+ikp l+1 q l+ ik] - ^ Ml — [kpi+iqi+ikpi-Jk] - J_ [kp iqi kpijk]. 

vPI a + vPI a + 



So [fcpigifcpigife] = Mi[ fc P2<?2&P2g2fc] 7==^Mi — [kp2q2kpzjk] ^i=r [kp^ikpijk] 

VT2] a+ VPI a+ 



Ml [fc£3£3fc£393fc] 7==-^ Mi — — [kpsqzkpijk] 77= Ml — \ k P2 92 fcp2 j k] 

VP] <H ^ a+ 



^m^^ikp^kp^ - 



yp] a + l + c_ y^[2] a 

^[kpiqikpiqik] - ^^Mi — [ kpigik P2 j k] - ^S±[ kp 3q3 kp 3 j k] - V^£J-[kp 3 q 3 k Pl jk] 
VP! a+ a+ VPI a+ 



J_[fe P232fepijfe ] _ J_[ fcpi3lfcpiifc ] 



12] a+ yp] a+ 



Mi[^Pi9lfcPi9ifc] - — 7= ~~ ( 1 + Mi c +) [fcpigifcpij*:] + ^^^ Mi — [kp 2 q2kpijk] 
VPI a+ ^[2] a+ 



J_ (l + C „) [fc p3g 3fc p ljfc ]. 



'[2] a+ 



Thus (1 - Mi) a + [kpiqik Pl qik] = - (1 + Mi c +) [fcpigifcpijfc]* + Ml [fcp2<?2*:pijfc]* - Mi(l + c-^kpsq^kpijk] 

V [3] [4] 

V ^ ~ ^ ^ [ fcpiglfc p3<?3fc l = ~ J^jpJ ^ ~ ^ a ~ [ fc P 1 g l fc P392 A:] - (l - Ml) [ fcpigifcp 3 j fc] 

PI 

(l - Ml) a + [kpiq 1 kp 2 q 2 k\ + (1 + c + )[fcpiqifcpij'fc] 
=== (1 - Mi) a-[fcpigi fcp2gi fc] - (1 - Mi) [kpiqikp^k] + (1 + c + )[fcpigifcpu'fc] 



I27 



(l - Mi) a- [ fcpiqifcpigifc ] - (l - Ml) [fcpigifcpijfc] 



vll 

= -Mi(l + c + )[fcpigifcpij'fc]* + fii[kp 2 q 2 k Pl jk]* - fif(l + c_)[fcp3q 3 fepijfc]' 
^-^== (1 - Mi) a+ [kp 2 q2k p2q 2 k ] = --^=j|= (l - Mi) [kp 2 q 2 kp 2 q 3 k] - (l - ^f) [ kp 2 g2kp 2 j k] 



[2] 1 
"7== (1 - Ml) a+ [ fcp2g2fcp3g3 fc] + (1 - Ml) T- [fcp292fcpijfc] 

vPPI 1 + c + 

7=7? (! ~ Ml) — a+[ kpiqikp 3 q 3 k ] + (l - Ml) 7-7 [kp2q2kpijk] 

-M?(l + c + )[fcpigifcpu'fc]* + (2 - ^ +c + ) — i [fcp292fcpijfc]* - Mi(i + c_)[fcp 3 g 3 fcpijfc]* ) 

l + c+ J 

Now, from the computation of [fcpigifcpigife] wc obtain 



(1 - fn) a + [fcp 3 g3fcp3g 3 fc] = ~=^j ( x ~ Mi) -^-a+[ fcpigifcpigifc ] + (l - Ml) [fcp3<?3fcpijfc] 

- (1 - Ml) — [ kp 2 q 2 kp 2 j k] - (l - Mi) — 7—^ [kp 2 q 2 kpxjk\ + (l - Ml) ~2 [fcpigifcpijfc] 

Ml Ml J- + c - Mi 

= ^-j2 - 1 - Mi(l + c +)^) [fepigifcpijfc]* + li\[kp 2 q 2 kp\jk]* - (m? + c_) [fcp3g 3 fcpijffc]*^ 

Now [fcp 3 g 3 fcp3g3fc] = - — [fcp 3 g3fcpig 3 fc] = [fcp 3 g 3 fcpigifc] H ^ffii[fep 3 g 3 fepijfc] 

a + yp] a+ 



— [feP292fepigifc] H 77= — [fcP393fcpiifc] ■ 

Ml V[2] a+ 
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/pj %/[2j 
Thus /f - TT - T (1 - /if) a+[kp 2 q2kpiqik] = /T - TT - T (l - /tf) ^\a + [kp3qzkpzq^k\ - (l - /tf) /ii [fcp 3 q 3 fcpi jfc] 

= £ti - + c +)^) [fcpigifcpijfc]* + nf[kp2q2kpijk]* — /ii (l + /Jf + c_) [fep3<?3fcpijfc]*^ 



(l - /if) a+ [kp3q3 kp2g2 k] = (l - /U?) a_ [fcp393fcp3£2fc] 



(1 - /if) a + [ fcp3g 3 fcp3g 3 fc ] + (l - /tf ) [ fcp 3 g 3 fcp 3 j k] 



\ — 1 - Ml (1 + c + ) ) [fcpigifcpu'fc]* + fi{[kp2q2kp 1 jk}* - /if [fcp3g 3 fcpij ft]* 
Mi 



^[fcpigifcjj'fc] = Oj 

7 [fcpigifcpijfcpij, [kp2q2kpijkpi\, [kp2q2kpijkp2\, [kps,q-ikpijkp2\, [kpsq3kpijkp3\, [fcpigifcpi jfcp3] 
([fcpigifcpijfci] = o) {[kp 2 q2kpijki] = o) ([fcp393fcpij^] = o) 



a 2 



Now [fcp ; jfep3g 3 ripi] = [A;pij fc Pi93»'ipi] = — [kpijkpijr^i] 

a+ a +b+ 

= -^[ftP0'fcpi.?V2Pl] - ^1=P [fcpijfcpijfcpi], 
6+ yp] a+6+ 



.2 

da. g_i_ 

and [fcpijfcp 2 <?ir 2 pi] = [fcPzjfcpigi^Pi] = — [kpijkp 1 jr 2 pi], 

a_ a_o_ 

thus [fepijfcP3<?3»"2Pi] + [kpijkp 2 qir 2 pi] = -^(1 + c + )[fcp;jfcpi jrgpi] - ^ [fcpijfc pijfcp i] 

b+ y'p] a+b+ 

^2 \/ [3] [^] ^ Oi 

= (1 + c+) — I —[kpijkp 1 jr 1 p 1 ] H 7=^(1 + c+) — ^— [kpijkp!jkpi] H ^— [kpijkpiq :j kpi] + — 1 [fcpo'fcpujifcpi] 

a+b+ ^/[2] °+ 



[2] ai ,/p] al 

/T-TT-y C 1 + c +) — — [fcp;gi-ifc pu>ip i] ttStt^ 1 + c +) — [fcpjgjfc piinp i] 

VP] [4] a+b+ VPM 6 + 

a 2 - a_ a - 

-(1 + c +) :— [kpi<?z-lfcpijfcpi] - (1 + c + ) — {kp l q l kp 1 jkp 1 ] — == — [ftpigi-iftp^^Pi] 

a + b + b + V[3][4] a+b + 

.,2 



[fcp;gifcpi53fcpi] jj^r -r- [kpm - i fcpi gi &Pi] 7 ^='^—[kp l qikp 1 q 1 kp-i 



visiFi vwm b + vwm b 



[2] J [2] 

■— ==(1 + c + )a_ [fcp;_igi_ifcpig3riPl] + —==(1 + c + )a_[A;p i g i fcpig 3 ripi] 

v I-" 5 ! I *1 v ^ 3 J i 4 l 

a_ a_ ^[2j a 2 
+ (1 + c+)- — [fcpi_igi_ifcpijfcpi] - (1 + c+)- — [kpiqikpxjkpx] H — [fcp(_igi_ifcpig 3 fcpi] 

6+ *>+ vPJW b + 



-[fcpjgifcpigsfcpi] ^ = — 7 [fcp!-i'?i-i fc Pi<Ji' c Pi] = J [kpiqikpiqikpi]. (*) 



Also, [fcpijr 3 p 2 J>2Pl] = -— [fcpiJ> 3 p 3 j>2Pl] = [fcpiinP3j>2Pl] H T==r- — [ftpi jftP3.?>2Pl ] 

a + ^[2] a + 



r . . , vWa_ _ . [3] [4] 1 



a_ 



[fcpig 3 rip3j>2Pi] — [fepi jkpzjr-ip-i] — — [fcpijfcp3jfep 



P] 1 ^-" 1J [2] a2 



— [ fcpig 3 fcp 3 jr 2 p 1 ] — — fe pijfcp 3g3npi H 7==^ — fcPi 93 fcP3 J kpi 

a - b - vM a + — vPI < 



^™ ^[.Pl.l^-.PI] 



2 a 4 



+ -[fcp3g3fcp3j>ipi] - ^J^p — (i + c + )[fcp 3 g 3 fcp3jfcpi] h = — [fcpigsfcps^^ipi] 



a - b - VP] a+ 



a - b -n , , , VTSPI 1 



ft 



[fcpigifcp3g 3 ripi] H — [kpiqikpsjkpi 



^[2] a 4 



"2— (1 + c + )[fcp3g 3 fcp3g 3 ripi] — (1 + c_)[fcp 3 g3fcpiifepi] H — [fcpigifcp 3 g 3 ripi] 
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+ ^-5D — (1 + c+)[kpiqikpijkpi]. (**) 
x/PI a + 

/pT \/PI 
We have [kpxqxkpijkpx] = ==a_ [fcpigifcpi jripi] ===a + [kp 1 q 1 kp 1 jr 2 pi] 

— vPPI vW 



[21 Jm 

b + [fcpigifcpig 3 ripi] [fcpi<?ifcpig 1 r 2 pi] 



[2] a+fe+r, , , x/PI a-6-r, 

[kpiqikpsqarxp^ H lkpiqikp2qir 2 pi\ 



vffi a - — ' x/ppj a + 

^ 6 + [fcpig3_fcp3g 3 ripi] + — [kpijkp 3 q 3 ripi] j== &+& ~ [kpiqir2P2qi'r2Pi] 



x/ppi - — <*- x/PPI «+ 



[fcpig 3 riP3g 3 ripi] + — [fcpi jfcp 3 g 3 ripi] -J?L& + [fcpiir2P2gir 2 pi] 



vTsp] <*+ «- — x/PPI 

'~ [fcp 3 g 3 r!p 3 g 3 ripi] - — [kp 2 jkp 3 q 3 rip 1 ] - — [fcp 3 jfcp 3 g 3 ripi] + — [kp 1 jkp 2 gir 2 pi] 



x/ppi a 



\/PPI a- 



[fcpiJ>3£2£l£2Pl] 

+ [fcp 3 g 3 fcp 3 g 3 ripi] - — [fcp2j'fcp 3 g 3 ripi] - —[kp 2 jkp2qir2Pi] - — [kp 3 jkp 3 q 3 ripi] 



x/PPI « 



- — [kp 3 jkp2qir 2 pi] 7 =^=a + [kpijr 3 p 2 jr 2 pi]. 

a- VPIPI 



/pj vP] 
Then by (*),(**), [fcpigifcpi jkpx] = a + [fcp 3 g 3 fcp 3 g 3 fcpi] H ==6+(l + c + )[fcpigifcpig 3 npi] 

x/PPI x/PPI 



p] x/PI x/PI 

- ; a_[fcpigifcpig 3 fcpi] 7 ===a + [kp 1 q 1 kp 1 q 1 kp 1 ] _— £>+(! + e + ) [fcp 3 g 3 fcpig 3 r!pi] 



x/PPI x/PPI x/PPI 



a/P] x/PI 

+ (2 + c + +c_) [fep 3 g 3 fcpijfcpi] 7f =a_[fcp 3 g 3 fcpig 3 fcpi] + —— ==a+ [fcp 3 g 3 fcpi<3ifcpi] 

x/PPI \/PPI 



-(1 + c + )[fcp 3 g 3 fcp 3 g 3 ripi] 7=== [kpiqikp 3 q 3 rrpi] 



x/PPI a + \/PPI <H 



[2] Vp] 
— ===a + (l + c_)[fcp 3 g 3 fcp 3 g 3 fcpi] 7== a- (1 + c+ ) [fcpigl fcgigg fcpi] 

x/PPI x/PPI 



[21 ypl 

— ==a + (l + c_)[fcpigifcp 3 g 3 fcpi] -====a + {kp 1 q 1 kp 1 q 1 kp 1 ] 

x/PPI \/PPI 
x/PI x/PI 

— ===a_(l + c + )[fcp 3 g 3 fcpig 3 fcpi] + (2 + c + + c_) [A:p 3 g 3 fcpijr'fcpi] H ==a+ [fcp 3 g 3 fcpigifcpi] 

vPPI vPPI 



[2] x/[2] \/[2] 

a+ [fcpigifcpigifcpi] H a+ (2 + c + + c_) [A:pigifcp 3 g 3 fcpi] H ) a + [fcp 3 g 3 fcpigifcpi] 



x/PPI x/PPI — x/PPI 

x/P 



a+ (2 + c + + c_) [fcp 3 g 3 fcp 3 g 3 A:pi] + (2 + c + + c_) [fcp 3 g 3 fcpijfcpi] 



x/PPI 



1 A r, , ., , , 1 r, , ., , , 1 



1 + Ai- =■ [fcpigifcpijfcpi] +A2- 7r[kp 2 q2kpijkp 1 ] + A 3 - =- [fcp 3 g 3 fcpijfcp 

1 - n\ ) 1 - p,\ 1 — 

where Ai = p,\ (l - p^) (2 + 2c + + c_ + c^_) , A2 = pi (1 — pi) (1 + c + + c_) , 

and A 3 = (1 - p?) (2 + C++ 2c_ + ci) . 

Thus we obtain [fcp 3 g 3 fcpijfcpi] = [kpiqikpijkpi]* -\kp 2 q2kpij fcpi]* 

A 3 A 3 

(Similarly [A,-pigifcp2jfcp2] = -[kp2q2kp2jkp2] -[kp 3 q 3 kp 2 jkp2] which gives 
A 3 A 3 

[fepigifcpijA,'p 2 ] = ^-—^ [kp2q2kpijkp 2 ]* + t^c_(1 + c_)[fcp 3 g 3 fcpijfcp 2 ]*, 

A 3 1 + c + A 3 

and [kp2q 2 kp 3 j kp 3 ] = [fcp 3 g 3 fcp 3 j'fcp 3 ] [fcpigifcp 3 ifcp 3 ] which gives 

A 3 A 3 
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[kp2q2kpijkp 3 ] = ^-c_(l + c-)[kp3q3kpijkps]* - ^-(1 + c+)(l + c-)[kpiqikpijkp3\* . 
A 3 A3 

[fcpi<jlfcpi<2ir 2 pi] = [fcpigifcpigifcpi] 
o_ 



^S^^ (l + ^a-c+J [fcwgifcpijfcp!] + ^^^^ J-[fcp 2<?2 fcpijfcpi] 



[2] 1-M?&- V ' / yp] 1-^6- 

_xZly_^^ (1 + e _ )[ fcp3g3fcpijfcpi ] 

V[2] 1 - Mi 6- 

= J_ /' 1+At 3 a _ c+ + ^i M 2 (1 + c _ ) N \ [ fepi9lfepijfepi ]* 

V[2] 1 - Mi 6- V a 3 y 

+ ^g I / 1 3 -i- fi + ^ l( i + c _)) [fep 2?2 fcpiifepi]^ 

VP] 1 - Ml 6 - V A 3 / , 
[fcp292fcP292''3P2] = 7^[fcP2g2fcp2g2A:p2] H S=4 - — ^— =• (2 - fj>\ + C + ) - — - [kp2q2kpijkp2\ 

6- y/[2] 1 - Mi b - 1 + c+ 



3 — (1 + C_)[fep3g3fepijfep2] 



[2] 1-m? 6- V 1 1 ' l + c+ A 3 ^ J 1 
■ (1 + c_) ^ f 1 + ^ Ml (1 + c-)) [kp 3 q 3 k P1 jkp 2 ] * 



[kp2q2kpijkp 2 ]* 



ypj 1-M? b- \ A 3 

[fcp3<J3fcp3<J3rip3] = -^[fcp393fcp3<73fcP3] 
D_ 



vMFI 1 1^1 

1 - Ml(l + C+) [fepi(}ifepijfep3j 



yp] 1-m! 6- VM? 



^^^K^[ kp2q2kp ljPa ] - ^ ( M ? + C _) [kpsqskpdkps] 



V™ 1 1 /'A.-l- Ml (i + c 4 .)fl-^Ati(l + c-)) I [fc P i9ifcpijfcp 3 ]* 



[2] 1-m? 6- Vm? V A 3 

VTSPJ 1 1 /, , , , Ai 



/[2] 1 - M? & 



^(Mi + c_) - ^Mic-(1 + c_)^ [fep393fcpiifeP3]*j 



( [ fc P393fcP393''lPl] = — " — [fcP393fcp3g3fcpi] 
V b+ 



a " f 1 l-Ml(l + c+)l 



^[27 1-M? VM? 

- [fep 292 fcpiipi] + -lj (m? + c _ ) [ fc P3g3 fcpijfcpi 

VW l-M?a+fc+ VP] l-M?«+fc+ 



1 a_ 



— - 1 - Mi(l + c+) + — (Mi + c_) [fcpigifcpijfcpi 



[2] 1-M? a+b + VVM? / A 3 



[2] 



T~~~3 ~T~ ( ^1 + T~ (Ml + c -) ) [fcP2<?2fcpijPl]* ) 
1 - fj,f a + b + V A 3 J J 



[fcpiqifcpigir 2 p2] = -7— [fcpi<Jifcpi<JiA:p2] 
b+ 



[2] l-M?a+6+ v yp] l-^?a + 6 + 



M? a ~ (l + c.)lkp 3 q 3 k Pl jkp 2 ] 



V[2] l-Mi»+6+ 
VTSIFI 1 a- / 



VT2j 1 - Mi <H*>4 



f-Ml + (1 + M?a-c+) \kp2q2kp\ikp2 
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VWW] i a- 

ypj 1 — juf a+b+ 



(1 + c_) + ^ (1 + juf a_c+) c_^) [fep3g 3 fcpijfcp2]*^ 



[fcp292fcp202r3P3] = — - — [fep2<?2fcP202fcP3] 

v b + 



^P /S "l (l + c + )[fcpi g ifc P i3fcp 3 ] ~ ^P-^^— (2- M ? +C+) ^— [ fc P2q2 fc Plj fcp3 ] 
V[2] l-Mja + 6 + yp] l-/ifa + 6 + v 1 + c+ 

+ /S (l + c_)[fcp3 <? 3fc P iifcP3] 

^A^- + c+) - ^ (2 - M ? + c + ) cA [k Piqi k Pl jk Ps ]* 

i-Mi"+f , + \ a 3 y y 



[fcpiqifcpijfcpigij, [fcp202fcpiifcp292j, [fcp393fcpijfcP393j, [fcpigifcpi jfcpij] 

T^[ fcp292fcpijfcpi gi] = ^-[fcpigifcpijkpi<3i] + [fcp 3 g 3 fcpi j fcpigi ] = ^- [fcpigifcpi j'fcpigi] - — [ fcp393fcpijfcp2 <7i] 
A3 A3 A3 a_|_ 

= v-[fepi<?ifcpiifcpigi] - ^- a+b+ — ^ [kp 1 qikp 1 j kp 2 gi ] + — — --— -[kp2q2kpij kp 2 gi ] 

A3 A 2 a_6_l + c_ A 2 a + (1 + c + )(l + c_) 

' [fcpigifcpijfcpigi] - ^7— -77— r[fcp2<?2fcpijfcpii2l] 



A 3 A 2 l + c_/ L A 2 (l + c + )(l + c_)' 
[fcp2g2fcpiifcpi<?i] = tJ,2[kpiqikp 1 jkp 1 qi]* , where ( 4. — ■ -7— 7 ) P2 ~ 



A3 A 2 (l + c + )(l + c_)y A3 A 2 l + c 

^From the previous computation 

a+ A2 Gt-f- Ai ( a+ A2 tt+ Ai \ 

[A;p3g3fepijA;p2(ji] = — [fcp2g2&Pi jfcpigi] H — [kpiqikpijkpiqi] = — M2 H — [fcpigifcpjjfcpigi] 

a_ A3 a_ A3 \a- A3 a- A3/ 

[kp 2 q 2 kp\jkp 2 q\\ = - — [kp^kpxjkpiq^ = - — fi^kp^kpij fcpigi]* 
a_ a— 

: 7^-[fcp2g2fcpijfcp2'J2] = c+(l + c + )[fcpigifcpijfcp2g2] - + c+)(l + C_)[fcp3g3fcpiifcp2g2] 

A3 A3 

= ~ " + ^ + (1 + c + )[fcpigifcpijfcp3g 2 ] - ^-(1 + c+)(l + C_)[fcp3g3fcpijfcp2g2] 
a_o_ A3 

_ A3 a+b + _^ [fcp 2 g 2 fcpij fcp3g2 ] - — [kp3q3kpij kp 3 q 2 ] - ^-(1 + c + )(l + c_)[fcp 3 g 3 fcpi.jfcp2g2] 

A 2 a_6_l + c_ A 2 a + A3 

= "T^TT^ — [fcP292fcpu'fcp29 2 ] + (^- ~ ^-(1 + c +)( 1 + c ~) ) [ k P3q3kpijkp2q 2 ] 
A 2 1 + c_ V A 2 A3 J 

[kp 3 q3kpijkp 2 q 2 ] = fJ.2 7 — ] -77— -lkp 2 q 2 k P1 jkp 2 q 2 ]' 

(l + c+)(l + c_) 



From the previous computation 

[fcpig 1 fcpijfcp 3 g 2 ] = ~ a ~ b ~ + c_)[ fcp 3 g 3 fcpijfcp2g2 ] - ""f" T~ [fcP292fcpi jfcp 2 g2] 
a+o + A3 a +°+ A3 

o,—b— ( Ai A2 1 \ 

'■M2 — [fep2g2fepijfep292]' 



a + fe+ V A3 A3 1 + c + 

I [fcp3g 3 fcpij fcp3g 2 ] = - — [ fcp3g 3 fcpijfcp2g 2 ] = ~M2 — 7— tt— r[fcp292*:pijfep292]' 

V a- a— (1 + c+)(l + c_) 

( t^"C-(1 + c-)[ fcp3g3fcpijfcP3 g3] = t^(1 + c+)(l + c_)[fcpigifcpi;;fcp3g3] + [fcp 2 g 2 fcpi j fcp 3 g3 ] 
\A3 A3 

= -r^(l + c +)( 1 + c-)[fepigifcpu'fcp3g 3 ] - — [ fcp 2 g 2 fcpijfcpi g 3 ] 
A3 a+ 

= +c+)(l + c_)[fcpigifcpijfcp3g3] -i — ^ [fcp3g3fcpijfcpi93] H t— [fcpigifcpiifcpigs] 

A3 a + A 2 a + A 2 
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= f^t 1 + c +)( 1 + c -) - [fcPl9lfcpli'cP3'?3] - ^[fcP3<?3fcpijfcP3lj3] 

£ 

[kpxqtkpxjkpaqs] = -M2 — [kp 3 q3kpijkp 3 q 3 ]* 

1 + c + 



From the previous computation 

[fcp 2 g2fcpijfcpi93] = V"C_(1 + C_)[fcp 3 g3fcpijfcp 3 g3] - -^-(1 + C+)(l + C_)[ fcpigifcpijfcp 3 l?3 ] 
A3 A3 

= (1 + C_) f^C- +M2^|c_^ [fcp393fcPlifcP3<?3]* 

[kpiq 1 kp 1 jkpiq3] = - — [kp 1 q 1 kp 1 jkp 3 q 3 ] = jU 2 °~^~ — [fcp393kpi.?fcP393]* 

a_ a +"+ 1 + c + 

c have [fcp3g3fcpij fcp3j ] = — [ kp 3 q 3 kpijkpij ] — [fcp3<?3fcpijfcp2j] 

= -r~ [kpiUkpi jkpi j] + ^-[kp2q2kpijkpjj] - [kp 3 q 3 kp 1 jkp 2 j], 
A3 A3 

[kpiqikpij kpij ] = - [ kpiqikpijkp2j ] - [kpiqikp\jkp 3 j\ 

= — t~ ~~~ — [kp2q2kpijkp 2 j] - ^c_(l + c^.)[kp 3 q 3 kp 1 jkp 2 j] - [kp^kp^kpsj], 
A3 1 + c + A3 

and [kp 2 q2kpij kp2j ] = ~[kp2q2kpijkp 1 j] - [ kp 2 q2kpijkp 3 j ] 

\ 2 

= -[kp2q2kpijkp 1 j] + — (1 + c + )(l + c_){kp 1 q 1 kp 1 jkp 3 j] 
A3 

~T^c_(l + c_)[fcp 3 g 3 fcpiiA;p 3 j]. 
A3 

Then from (I)-(III) we obtain 

[kp 3 q 3 kp 1 jkp 2 j] = ^-[kpiqikp 1 jkp 1 j] + ^ [kp 2 q2kp 1 jkp 1 j] - [kp 3 q 3 kp!j kp 3 j] 
A3 A3 

( = ' ^-[fcpi<?ifcpu'fcpii] - ^1 + -^-C-C 1 + c -)^) [kp3Q3kpijkp3j] + ^§(1 + c + )(l + c_)[ fcp 1 gifcpijfcp 3 j ] 

- t^- [kp2q2kpijkp 2 j] 
A3 

(ii) (\\ A|. v A r, , ., _ A| n ^3 



(1 + c+)(l + c_) [fepigifcpu'fcpij] - + c_) [fcp3g 3 fcpijfcp2j] 
A3 A| / A 3 

A2 AiA| /1 A rj 7 , 7 n ^ A1A2 



— T- -^3— C_(l + C_)J [fcp2<?2fcpijfcp2j] - + -^2~ C -( 1 + C -) ) l k P3<13kpijkp3j] 

A 3 \ /Ai A 2 

1 + + c-) 3 J [kp 3 q 3 kp!jkp 2 j] = ^— - -^§(l + e + )(l + c_) 

A;2 c_(l + c-)) \kp2q2kp\jkp2j\ - (l + ^i^c_(l +c_) ) [kp^kp^kpsj] 



,Aa A| I A§ 

Similarly from (I)-(III) we obtain 

[fcpigifcpijfcp3j] -T^— \kp2q2kp\ikp23\ - -^C-(l + C_)[fcp3(?3fcpijffcp2j] - [fcpigifcpijfcpjj] 

A3 1 + c+ A3 



(J) _ Ai c 
A3 



[kp2q2kpijkp2j] — ( H ^-c_(l + c_) ) [fcpigifcpij'fepij] 

1 + c + V A| / 

c_(l + c-)[kp2g2kpijkpij] + ^-c_(l + c_)[fcp 3 ij3fcpijfcp3j] 



^3 



(III) 



A L-, n Ai 1 \ rj , ., .. / A1A2 



+ c_) - ^ - -p— ■ j [kp2q2kpijkp2j] - \ \ + -^c-il + C-)J [fcpigifcpi jfcpij] 

A 3 /A2 A1A 2 \ 

-^§(1 + c_) 3 [fcpigifcpijfcp 3 j] + c_(l + c_) ^— + -^-c_(l +c_)J [kp 3 q 3 kp!jkp 3 j] 



V ^3 ^ 3 

A 2 /1 , . n3^\ n... . -i / A| , . n Ai 1 



l + ^3-(l + c-) J [kp 1 q 1 kp 1 jkp 3 j] = c~ y-^(l + c-) ~ J^ 1 + c+ j l k P2q2kpijkp 2 j] 

- (l + -^-c-C 1 + c -)^) [fcpi<?ifcpijfcpij] + c_(l + c_) + ^i^c_(l + c-)j [kp 3 q 3 kpijkp 3 j] 
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From (I)-(III) we also obtain 

[kp 2 q2kpijkpij] ( = :) ^(1 + c + )(l + c^)[ kp 1 q 1 kp 1 jkp 3 j ] - -ic_(l + c_)[fcp 3 g 3 fcpijfcp3j] - [kp 2 q2kp!j kp 2 j] 

A3 A3 

( = - ^1 4- ^i^-c_(l + c_)^j [kp 2 q 2 kp 1 jkp 2 j] ~ ^§(1 + c_) 3 [ fcp 3 g 3 fcpijfcp 2 j ] 

-7^(1 + C+)(l + C_)[fcpigifcpijr'fcp 1 j] - -r^-C_(l + C_)[fcp 3 lj3fcpijfcp3jr'] 
A3 A3 

— "(I + C-) (^jC 1 + c +) + -^C 1 + c ™) 2 ^ [fcpigifepijfcpij] - ^1 + ^|^-C_(1 + C_)^ [fcp292fcpij'fcp2j] 

/A 2 Ai \ A 3 

+ (1 + c_) f + c_) 2 - ^c_J [kp 3 q 3 k Pl jkp 3 j] - + c_) 3 [fcp2g 2 fcpiifcpij] 

A 3 \ 

1 + (1 + C -) 3 J \ k V2q 2 kp\ikp 1 j\ 

= -(l + c_) ( ^-(1 + c + ) + — ^-(1 + c_) 2 ] [kp-iqikpijkp-ij] - (l + ^^-c_ (1 + c_ )) [fcp252fcpi jfcp2j] 



V ^ A| - yi^™™ ^ A 2 

/A 2 A \ 

+ (1 + c_) (^(1 + c_) 2 - -J-e_J [kp 3 q 3 k Pl jkp 3 j]. (VI) 

Thus we have expressed [fcp3(?3fcpijrfcp2j] , [fcpigiA,'pij'fcp 3 j] and [kp 2 q 2 kpijkpij] in terms of [kp\q\kp\jkp\j\, 

[kp 2 q 2 kpijkp 2 j] and [fcp3<J3fcpi jfcp3j] ■ 
We now want to express [kp 2 q 2 kpijkp 2 j] and [kp 3 q 3 kpijkp 3 j] in terms of [kp\q\kp\jkp\j\. 

Consider [kp 1 q 1 kp 1 q 1 kp 1 j] = — [kp 1 qikp 1 q 1 r2Pij] = - a ~^~ [kp 1 q 1 kp 1 q 1 r 2 p2 j] = c^[kp 1 q 1 kp 1 q 1 kp 2 j}. 
a_|_ 

Thus we obtain = [kpiqikpiqikpij] — c-[kpiq±kpiqikp 2 j] 

= - (£tfc + + l) [kpxqikpijkpxj] + p,i[kp 2 q 2 kpijkpij] - /t 2 (l + c-)[ kp 3 q 3 kpijkpij ] 

+ (^f + c_) [kpunkpijkp^j] - ii\c-\kp 2 q 2 kp\jkp 2 j\ + A* 2 c_(l + c_)[fcp 3 g 3 fcpijfcp2i] 

= {- (m? c + + 1) + X^^i^ 1 + c ~)) [ fc Pi9i fe Pii fc Pii] + (Vi + ^^i^ 1 + c -)) [ k P2q2kpijkp!j] 

+c_ + c_) ^-ji- ^ij \kp 2 q 2 kp Y jkp 2 j\ + ^i 2 c_(l + c_) + ^C-{\ + c -)j [ fc P3<?3fcpijfcp2j ]- 

/ A 3 

Multiply through by I 1 + -|(1 + c_) 3 
V A 3 

1 + ^|(1 + c„) 3 j + c_) - ^f C+ - 1 



-/'I C_)J ^— (1 + C+)(l + c_) + -^-(1 + C-) 

+c_(l + c_) ^( M 3 + C _) + M 2 j ^ - ^(l + c+)(l + c_)^|[fcpi9ifcpijfcpij] 

1 + § (1 + c - )3 ) (£ ^ + c -) - <--) - + 1 <"? + c -) ~rh+) i 1 + ^r c - (1 + c -> 

'A 2 A1A 2 



-Ai 2 (l + c_) 2 ^ + ^l^c-C 1 + c -)) } [kp2q 2 kpijkp 2 j] 
+ { Ml g + + c _)) + c _) 3 _ ^ c _ (1 + c _) 

-c_(l + c_) ^ (/if + c_) + M 2 j + -^ c -(l + c -)) } [kp3q3kpijkp 3 j] 
= [kpiqikpijkpij] + Aj 1 ' [kp 2 q 2 kpij kp 2 j] + ASj 1 ' [fcp3g 3 fcpijfcp3j]. (VII) 

Now consider [fcpiqifcp3g 3 fcp3j] = — [fcpi<?iPifci?3»~iP3.7] = -^V- [kpi3lfcP353riPl j] = c_ [fcpigifcp3g 3 fcpij]. 
a+ 

Thus we obtain = [fcpi<7ifcp3g3fcp3jr] — c_ [kp\q\kp 3 q 3 kp\j] 

= -/if (1 + c+)[fepigifcpij'A;p3j] + jLti [ kp2q2kpijkp 3 j ] - fi\ (1 + C_)[fcp3g 3 fcpijfcp3j] 

+// 3 (1 + c_)[fcpi(jifcpijA;pij] - fi 1 c^[kp 2 q2kp 1 jkp 1 j] + A* 2 c_(l + c_ ) [fcpgggfcpijfcpi j ] 

= - ^/xf( 1 + c+) + ^./ii(l + c+)(l + c_)J [ fcpigifcpijfcp 3 j ] + ^^i/iic_(l +c_) - /t 2 (l + c_)^j [kp 3 q 3 kp!jkp 3 j] 
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- ^'f t i c -( 1 + c -)) [kpiqikpijkp^] - (Vic- + ^/i?c_( 
A 3 

Multiply through by ( 1 + + c_) 3 

, A 2 /i , „ \3^ /, A i \ i , ,-, i „ x /, 2 , A 2 „ , ^ ^, A 1 A 2 



= <j M f (1 + c_) ( 1 + + c_) 3 j ^! - — c_ J + + c+) ^f + —(1 + c_)J ^1 + — + c_) 

A 2 /, , x f , A 2 /-, , ^ A1A2 f1 , _ .5 



+— /iic_(l + c_) ^1 + — (l + c_)J ^(l + c+) + -^-(l + c.)^ ) }> [fcpigifcpyfcpii] 



+ {- W (,f + g( 1 + c_)) (|(l + C -) 2 -g C - 

+M1C- (l + /u^(l + c_)j (l + -^ 2 -c_(l + c_) 
+ {0} [kp 3 q3kpijkp 3 j] 

= \^\kp 1 q 1 kp 1 jkp 1 j] + A^ 2 ' \kp2q2kp1jkp2j}. 
A (2) 

Thus [kp 2 q2kpijkp 2 j] = }^-[kpiqikpijkpij]* 

A 2 

Then from (VII) 



l [kp2q2kpijkp2j] 



A (l) A (l) A (1) A (2) A (1) A (2) 

[fcp 3 (J 3 fcpijA;p3j] = ijy [fcpiQlfcpijfcpij] 2 T y[ fcp 2 g2fcPljfcp 2 j ] = — 1 (1) — [fePigifcpijfcpij]* 

A 3 A 3 A 3 A 2 

^From (IV) ^1 + ^|(1 + c_) 3 j [kp 3 q 3 k Pl jkp2j] 

± - f (1 + c + )d + c) + (^ + ^ - ||)) (l + ^c_(l + c_) ) > fe^*^ 



A 3 

From (V) ( 1 + ^| (1 + c_ ) 3 ) [kp iqi k Pl jkp 3 j] 
^ . . , A i 1 



tf)- Va| (1 + c - ) A 3 1 + C+ 



+ ( ^ 1)a ^d a w 1)a ' 2) ^ c - (i + c - } - x ) ( 1 + ^r c - {1 + c -0 } [*pi»^*put 

From (VI) ^1 + ^§(1 + c^f^j [kp2q2kpijk Pl j] 

||-gd + c+ )(i + c -)) (i + ^(i + 

+ ^W-^W (1 + c _ ) ^ (1 + c _ )3 _Ai c _ , ) 
[fepigifcpijfcpigifc] 



Now [fcpi<3ifcpij/cpi<}ifc] = — [fcpigifepijfcpijfe] - — [fepigifepi jkp^k] 

VP] a+ 



V[3][4] 


1 


%/[2] 


« + 


V[3][4] 


1 




» + 


V[3][4] 


1 




a + 


V[3][4] 


1 



[fcpigifcpijfcpijfc] + {kp 1 q 1 kp 1 jkp 3 q 3 k] 



c 

[kp 1 q 1 kp 1 jkp 1 jk] - /t 2 — [^393^1 jk p 3 q 3 k] 

1 + c + 



yiH 1 c_ a 3 6- 1 

[fcpigifcpijfcpijTc] H — /i 2 — fep393fcpijfep3ifc] + M2 3 , — fep393fepijfcP392fc 

/[2] a + l + c + a 3 b + l + c + 



A (1) A (2) - A (1) A (2) 

1 - fJ-2— 1 , u — — 7 ) [fcpiqifcpijfcpijfc] - /t2— f [kp 3 q 3 kp 1 jkp2g2k] 



[2] a + \ - A Cl) A (3) l + c + ;™ — "l + C+ 
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vTsJIiJ i / a«a«-aWa« 

' 1 - M2 m - m 1~: [kp 1 q 1 kp 1 jkp 1 jk] - fi 2 (l + c+) [fcp2g2«pi jfcg2g2fc] 



[2] a+ V ~ A^A^ 1 + 



^3j[4] 1 / A^f-Aff c_ \ ... 



2 an 



3 "2 

/i 2 (l + c + )~ [i [kp2g2kpijkp2jk] + )J% — (1 + c + )~ 3 [fcp292fcpijfcp29ifc] 



1 / A«A«-A«A« C _ 2 Af) 
^iiii — '1-A*a 2 Sri m t~ +mIS?v( 1 + c +)~ [kpiqik P1 jk Pl jk] 



m «+ v 4"4 2 ) i+ c+ ^ A w' 

// 2 (1 + c+)~ 3 [ fcp2g2fcpijfcpigi fc] 

V« 1 / A^Af -A«A^ c _ 2 A< 2) , 

'1-^2 2 Sri ^ T-i + ^S?y( 1 + c +) [kpiqikpijk Pl jk] 



W] «+ V A«A 2 2 > 1 + A 2 2 > 



' 1-M2- Sn 2 — +MiS5T( 1 + c +) _ [kpiqikpdkpdk] 



-/i 2 (l + c+) 3 [fcpigifcpijfcpi5iA;] 
Ml/ _ AWAf'-AWAf 
Vl2j a + y 1 112 A (D A (2) 1 + 

(1 + ^ 2 (1 + c + )~ 3 ) [kp 1 q 1 kp 1 jkp 1 q 1 k]* 



From the above computation [kp2q2kpijkp2Q2k] 

1 • x/WFI 1 ( A (1) A (2) - A (1) A (2) 

(1 + c+) 3 [fcpi(?ifcpiifcpiqifc] H — \-p2— Sri —T~ ) [kpigikp 1 jkpijk] 



^ ^, ,^.^ J ™.„ J ypj „ + ^ - A (1) A (2) 1 + c+ 

= ^[fcpigifcpijfcpigifc]*, where 

,(l),(2) .(IK (2) x (2) \ „ x^M 2 ) \W\C 8 ) x< 2 > 

-, , C_ A 2 A 1 - A t A 2 2 A 1 , ._ 3 \ , 2 c - A 2 A l ~ A l A 2 A l 

1-112— nwri l-P2-7rT ( . 1 + c +) M3 = - M2 



1 + A«A« A< 2 > V " "l + c+ A^ 2 ) Af 



Wc also obtain 



[kp3q3k Pl jkp 3 q 3 k] = c + (l + c+) [fcpigifcpi jfcpigifc] — — c+(l + c + )[fcpiqifcpijfcpijfc] 

ft2 V[2] a+ M2 

= fj.4[kpiqikpijkpiqik]* , where 

c _ A (1) A (2) _ .(1).(2) A (2) 

1-»7T 2 Si) (2) 2 +P2S2T( 1+C +)~" l^ 4 

! + c + A^AX 2 ' A< 2) 



,2 



^3 ^2 ^2 

, x^'xt 2 ' xWxC 2 ) X< 2 > 

1 , 2 1 1 2 , A l 



M2 (l + C+ )(l + c_) + A Wa< 2) " 2 A 2 2) (1 + c+)(1 + c_) y 

(Wc know from the Hilbert series of |31l Theorem 13. lj that all paths of length 9 that end at 91,92,93 are zero.) 

Let u be the path [ijripijkpiqiki], which is symmetric. This path is non-zero in A 
since 



+ a_- I [ijnpijkpiqtki] = -a+jijnpiqikp^ki] = -b-lijnpiq^Piqiki]. 



We choose u iu ^ := u. Then Vj V ^)u(aij) is given by 
[kijnpijkptqxk] 



[2] vPI vPI 

J [kpijnp^kp^k] - ^ 7 =[kp 2 jr 1 p 1 jkp 1 q 1 k] - ^— [fcp 3 J>iPijfepigifc] 



[C-^- >/[4] ^[4] 
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(1 + c + )[kp3qg\Pijkpiqik] - ^^[kp 2 jr 1 p 1 jkpiqik] 



[4] a + ^[4] 



+ c +)[ fc P3g3fcpijfcpi gifc] j^ — [kp 2 q 2 kpijkp 1 q 1 k} 

^ +(1 + c+)[WpiM 



[4] a_ 

2+ -(l + c+) f 1 - ) [kp^kp^kp^k] 



[4] a- V A 

[2]a 



14] a- 
dx^p x q x kp x jkp x q\k\ 



A 2 \ 
1 - ^M 1 + c+) J [ kp 2 q2kpijkp 1 q 1 k] 



Now -^=== (1 - ^i)a_ [ kpiqikpijrxp xjk} 

(1 - ^^^[kpiqikpzq^pijk] 



:(1 - n\)a + [kpiq 1 kp2,q 2 ,kpijk} 



t4(l + c+^kp^kp^kpxjk] - Hi[kp 2 q2kp 1 jkpijh] + n\(\ + c_)[ fcp 3 g 3 fcpijfcpij fc] 
A*i ^M 1 + c +) - ^C 1 + c -)^) [kpiqikpijkpxjk] 

-Hi ^1 + ^A*i(l + c_)J [kp 2 q2kpijkp 1 j k] 
Hx + c+) - ^W 1 + c -) - A 3^^^i^7^T rf2 ) l k P^ k P^kpijk ] 



= d^kpxqikpxjkpxqxk] 
where d 4 = /ii \ + c+) - ^W 1 + c -) - A 3 °y ^ °> 

A (2) \ \ / \ \ 

with 4= l^k -^( 1 + c +)( 1 + c -)) ( 1 + ^if c -( 1 + c -) 

+ 2 Va." (1 + c+) ft (1 + c - )2 -^ 

A (1) A (2) x(l) A (2) 9 A (2) 

and d 3 = 1 - /x 2 TrT - ^ ^i - ^ 



A«A< 2) l + (l + c + ) 3 Al 2) 



Then Vj V ^u(aij) = did^lkpiqikpijripijk] = d^d^a^v 1 ', where v' is symmetric, and we 
obtain C — 1. 
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(12) 

Figure 17: Labelled graph £5 



A. 3 The graph for the twisted orbifold invariant 

The Moore-Seiberg invariant Zaxi) is realised by a braided subfactor which produces the 
nimrep [261 Section 5.4], illustrated in Figure [T71 The unique cell system W (up to 

('12') 

equivalence) was computed in [251 Theorem 13.1]. For the graph £5 the automorphism 
v is the identity. There are four possible choices for the vertices j, k: these are (3,8), (5,9), 
(14,3) and (15, 4). We see that it will not be possible to use the quicker method described 
above for the case where v = id, since conjugating the graph will not interchange j <H- k 
for any of the choices of j, k. We choose i = 10, j = 15 and k = 4. We will write out a 
basis for the space of paths which start from the vertices 10, 15, 4. Here q = e 27 ™/ 12 , and 
we will write [m] for the quantum integer [m] q . 
Paths starting at vertex 10: 



Paths 

[10,15,2], ([10, 15,4] = 0) 



[10, 15,2,7 ] = ~jj|[ 10 > 15 . 4 ,7] =° 



[21 \7W 

L = [10, 15, 2, 7, 13] - v 1 J [10, 15,2,6, 13] 

[3]' vwwv 



10,15,2,9,16], [10,15, 2,9, 13 ] 
s/W 



[10, 15,2,6, 13] 



10, 15,2,6,12 



[10,15,2,7, 12] = 



10, 15,2, 9, 16,5 ] = 
[10, 15,2,9, 13, 1] 



[10, 15, 2, 9, 13, 5], [10, 15, 2, 9, 13, 3] 



[10, 15,2,6, 13,1] 



[2] 



[4] V13] 



[ 10,15,2,6, 12 , 1] = oj ([10, 15,2, 9,13,2 ] = o) 



6 [10, 15,2,9, 16,5, 



[2] 



10,15,2,9,13,5, 



[2] 



[10,15,2,9,13,3, 



([10,15,2,9, 16,5,9 ] = o) ^[10,15,2,9, 13,3,7 ] 



[10,15,2,9, 13,1,7] 



[10, 15,2,9,13,3,11 
PI 



[10, 15,2,9, 13,2, 7] = 



7 [10, 15,2,9, 16,5,8, 14] 



[10, 15,2,9, 16,5,8, 13] 



[10,15,2,9,13,3,8,14] 



[10, 15,2,9,13,3,11,14] 



[10, 15,2,9, 16,5,9, 13] = 



6N 



[10, 15,2,9, 16,5,8, 17] 



[10,15,2,9, 13,3,8,17] =0 



"8 [10, 15,2,9, 16,5,8, 14,4] 

([10, 15,2,9,16,5, 8, 14,3 ] = o) ([10, 15,2,9, 16,5, 8, 14, 1 ] = - y^ lO, 15, 2, 9, 16, 5, 18, 13 , 1] = o) 
~9 [10, 15,2,9, 16,5,8, 14,4, 10] ( [10, 15, 2, 9, 16, 5, 8, 14, 4, 7 ] = p) 



10 



[10, 15, 2, 9, 16, 5, 8, 14, 4, 10, 15] 



[10,15,2,9,16,5,8, 14,4,7, 15] = 



Paths starting at vertex 15: 

l Paths 



[15,2,6], [15,2,7] 



[15,4,7], [15,2,9] ([10, 15,4] = 0) 



[15, 2,6, 12 ] = 
[ 15,2,7 , 14] 
[15,2,9, 13] 



[15,2,7,12], [15,2,6,13], [15,2,7,13], [15,2,9,16] 



[15, 4,7,14 ] = j ([15, 2,7,15] = o) 



[21 ^/lW 
==[15,2,7, 13]* - v 1 1 [15,2,6, 13]' 

[3] L y\m 



— i — ; ; — n 

15,2,6,12,1 = — 15,2,7,12,1 



[4i v/rar 

1 ' [15, 2,6,12,2] = [15, 2, 7, 12, 2] = - [15, 2, 7, 13, 2] 



[15,2,6, 13, 1] 
[15,2,6, 13,2] 

vm vm 

[15,2,6,13,3], [15,2,6,13,5], [15,2,7,13,5] ([15,2, 7,13,3 ] = o) 
PI 



[15,2,7, 13, 1] 



[15,2,9,16,5] 



[15,2,9,13, 5] 



' = [15,2,6, 13,5]* - VMS! [15,2,7, 13,5]' 
[3]' VT3l 



[15,2,6, 13,2,7] 



= [15,2,6, 12,2,7 ] = ^JpE3 [15,2, 6, 12, 1 ,7] = -[4]-/[3j[15, 2,6, 13, 1, 7 ] 
2 ] V [ 2 ] 

[3] 2 



[2] [4] [15,2,6,13,2,7]- [4] ^/[2][6][15, 2,6,13,3,7], ( => [15, 2, 6, 13, 3, 7] 
[15,2,6,12,2,9] = 



[15,2,6, 13,2,7]' 



[15,2,6,12,1,8], 
[15,2,6,13,3,8], [15,2,6,13,3,11] 
[15,2,7, 13,1, 6] = [2] [15,2, 6, 12,1,6] 



[2]r [2] r 

= 15,2,6, 13,2,9 = f4 15,2,6, 13,5,9 
[4] 1 '-^ [4] L 



[21 [4] \/[2l 3 [4] 
•^4= 15,2,6,12,2,6 = v [15,2,6,13,2,61 



[2] [4] 



[15,2,7,13,2,6] = -[2] [4] [15, 2, 7, 13,1,6] 



[15,2,6, 13,5, 



[15,2,7, 13,5,? 



-[15,2,6,13,3 



[15,2,6, 13,1, 



[15,2,7, 13,1,6] =0 



-[15,2,6, 13,3,8]* + 



[4] VP] 



[15,2,6, 12, 1,8]* 



[15,2,7, 13, l,i 



mvwi 



[15,2,6,12,1,8]* 



[4] 



[15,2,6,12,1,8,13], [15,2,6,12,1,7, 14] = -y/\4\[lB, 2, 6, 12, 1, 8, 14]. 



[15,2,6,12, 1,7,13 ] 

[15,2,6,12,1,8,17], ',2,6,12, 

[2] 



[15,2,6, 12,2,7,15] = 



([15,2,6, 12, 1,7, 12] = o) ( 



[15,2,6, 12,2,9,13] 



[15,2,6,12,2,7,13] = -[2] [15, 2, 6, 12, 1,7, 13]' 



^[ 15,2,6,12,2,9 , 16] = [15, 2, 6, 13, 5,9, 16] = Oj ([15, 2, 6, 13, 3,8, 17 ] = o) 
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[15, 2,6,13, 3,8, 13] = [15,2,6,13,3,7, 13] 



[3] 5 



[15,2,6, 12,1,7, 13]* 



[15,2,6, 13,3, 11, 14] = -[15,2,6, 13,3,7, 14] 



[15,2,6, 13,3,8,14] 



[15,2,6,13,1,7,14]* 



[15,2,6,13,3,8,14]' 



= [15. 2, 6, 12, 1, 7, 14, 11 [15, 2, 6, 12, 1, 7, 13, 31 = ±M [15 2. 6, 12, 1, 7, 14, 3], 



7 [15,2,6,12,1, 7,13, 1] 

[15,2,6,13,3,8,14,4] ([15,2,6,12,1, 7,13,2] = o) ([15,2,6, 12,1, 7, 14,4] = o) 



[15,2,6,12,1,8,13,5] = 



[15,2,6,12,1,7, 13, 5] 



[15,2,6, 12, 1, 8,17, 3 ] = -[ 15,2,6,12,1,8, 13 ,3] ^^ [ 15,2,6, 12,1,8,14 ,3] 

■ 4 ' [15,2,6,12,1,7,13,3] + [ 15,2,6, 12, 1,7, 14,3 ] = -^f^= ([3] + [15,2,6,12,1,7,13,3]' 



[6] 

[15,2,6,13,3,8, 14,3] 



[15,2,6,13,3,8, 13, 3] 



[15,2,6,12,1,7,13,3]* 



[15, 2, 6, 12, 1, 7,13,1,7] = [15, 2, 6, 12, 1, 7, 13, 3, 7], [15, 2, 6, 13, 3, 8, 14, 4, 10] 



V] 



[15,2,6, 12,1,7,13,1,6] = 0) ( [15,2,6,12,1,7,13,3,11] 



/[3j 



[15,2,6,12,1,7, 14,3, 11] = 



[15,2,6,12,1,7, 13,1 



[15,2,6,12,1,7, 13,3, 



[15,2,6,12,1,7, 14,3,8] 



[6] 



[15,2,6,12,1,7, 14,1, 



[3] M 



[15,2,6,12,1,7, 13,1, 



[15,2,6,12,1,7, 13,1,8] =0 



[15,2,6,13,3,8, 14,4,7 ] 
[3] 2 x/[6j 



[15,2,6,13,3,8, 14,1, 7] - [15,2,6,13,3,8, 14,3, 7] 



[3] 2 



[15,2,6,12,1,7, 13,1,7] 



[61VM4P 



^[6]3 + [3] [4] J [15,2,6,12,1,7, 13,1,7]* 



[15,2,6,12,1,7, 13,3,7] 



[15,2,6,12,1,7,13,1,7, 15] 

([15, 2, 6, 12, 1, 7, 13, 1,7,12 ] = 0) ([15, 2, 6, 12, 1, 7, 13, 1,7, 13 ] = 0) 



[15,2,6,12,1,7,13,1,7, 14] = 01 



[15, 2, 6, 13, 3, 8, 14, 4, 10, 15] 
[3] 2 



[ 15,2,6, 13,3,8,14,4,7 , 15] 



[2] [4] [6] 



[6] 3 + [3] [4] [15, 2, 6, 12, 1, 7, 13, 1, 7, 15]* 



K) ( [15, 2, 6, 12, 1, 7, 13, 1, 7, 15, 2 ] = 0) ( [15, 2, 6, 12, 1, 7, 13, 1, 7, 15, 4 ] = 0) 

Paths starting at vertex 4: 

l Paths 



[4,7,12], [4,7,13], [4,7,15] 



VP! 



[4,10,15] ([4, 7,14]= 0) 



[4, 7, 12, 1] 



[4,7,13,1], [4,7,12,2], [4,7,13,2], [4,7,13,5] 



( [4.7, 13,3] = o) ( [4,7, 15,2] = -^5= [4, 7, 12,2]* + -^=[4,7, 13,2]* | ( [4,7,15,4] = o) 



[4, 7, 13, 2, 6] 



[3] [4, 7, 13, 1,6] = ^^^ [4,7,12,1,6] 



[2] 3 [4, 7, 12,2, 6] 
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[2] [4] [4, 7, 13, 2,6] + s/ [2] [3] [4] [4, 7, 15, 2, 6] [4, 7,15,2,6] = 

[4, 7, 12,1,7] = ^! [4, 7, 12,2.7] 

vW — - 



[3] r , [2][3] r 

[4, 7, 13, 2, 6] = i-Ap [4, 7, 12, 1, 6] * 



[4] 



[4, 7, 13, 2, 7] = -Vr 1 1 4 . 7, 13, 1, 7] 
J [2] L — 1 — J 



= [4,7, 13,2,7] 
[4,7, 12,1,8], 



[4, 7, 15, 2, 7] (=> [4, 7, 15, 2, 7] = 0) 
PI, 



[4,7, 13,2,7] 



4,7,13,5, 



[4,7,12,2,9], [4,7, 13,2,9 ] 
PI 



[4, 7, 13, 5, 9] 



[2] 



[4,7, 13,1,7] 



VPIPI 



[4,7,12,1,7]* 



[ 4,7, 13,1 , 8] = ^/[2] 3 [6][4, 7, 12, 1, 8]* 



[4,7, 12, 1,6, 12 ] = -V[2][4][4, 7,12, 1,7, 12], [4,7, 12,1,6,13], [4,7,12,1,7, 13] 
[4,7, 12, 1,7, 14 ] = -^[4j[4,7, 12, 1,8, 14], [4,7,12,1,8,17], [4,7,12,2,9,16] 

PI 



[ 4,7,12,1,7 , 15] 
[4,7,12,1,8,13] 



1 



[3] 

w 



[4, 7, 12, 2, 7, 15] = 



[4,7, 13,2,9, 16] 



[4, 7,13,5,9, 16] = 



_ [4,7,12,1,6,13]* - -Z±A [4, 7, 12,1,7, 13]* 
[6] VW\ ' 



[4,7,12, 2,9,13 ] 



\/PF [21 

v 1 J [4, 7, 12, 2, 6, 13] + -M= [4, 7, 12, 2, 7, 13] 

ypJF! 



VW 

[4,7, 13,2,9,13] 



[4,7, 12,1,6, 13]* - [2] [4, 7, 12,1,7, 13]' 



\/PF [21 

v 1 J [4, 7, 13, 2, 6, 13] + ~y= [4, 7, 13, 2, 7, 13] 



[2p 

[4] 



[4,7, 12, 1,6, 13]* 



[4,7, 12,1,7,13]* 



[4,7, 12,1,7, 13,1], [4,7, 12,1,6, 13,3], [4,7,12,1,6, 13,5], [4,7,12,1,7, 13,3] 

(We know from the Hilbert series of Theorem 13 , 1 1 that all paths of length 6 which start at 4 and end at 2 are zero.) 



[ 4,7, 12,1,6 , 12, 1] 

[4,7,12,1, 7,14, 1 ] 
[2] 



[4] 
[2] [3] 



[4,7, 15,2,6,12, 1] 



[4,7, 12,1,7, 12, 1] 



'[41 1 

LJ= [4, 7, 15, 2, 7, 12, 1 = — [4, 7, 15, 4, 7, 12, 1] = 

[3]y/M [3] 1 



[4,7, 12,1,7,13, 1] 



_ [4, 7, 12, 1, 6, 12, 1] - ^21 [4, 7, 12, 1, 7, 13, 1] 

n/PIPI vW 



[4,7,12,1,7, 13,1] 



[4,7,12,1,7,13, 5] 



[4,7, 12,1,6,13,5]* 



4,7,12,1,8,17, 3] = -[4,7, 12,1,8,13,3] 



[4,7,12,1,7, 14,3] = ^pP[4,7, 12,1,7, 13,3]' 



[4,7,12,1,8, 14, 3] 



PP a/PT 

U=r [4, 7, 12, 1, 6, 13, 3] + J^y [4, 7, 12, 1, 7, 13, 3] + , 

[6] #1 



[4,7,12,1,7, 14,3] 



[6] 

[4,7,12,2, 9,16,5 ] 
[2][3] 2 



' 2 ' 3 r 4, 7, 12,1,6, 13,3]* + ( + — | [4 ) 7 i 12,1,7, 13,3]' 



[6] [3]VW] 

[21 , 

pj[ 4,7, 12, 2,9, 13 , 5] = " [ 4 > 7 > 12,1,6, 13,5] + y[2] [4] [ 4, 7, 12,1,7, 13,5 ] 



[1] 



[4,7,12, 1,6, 13,5]* j ([4,7,12,1, 7, 14,4 ] = o) 



"7 We will let 5 denote the path [4, 7, 12, 1] of length 3 

[£,7, 13,1,7], [^,7,13,1,8], [5,6,13,3,11] ( [5,6, 13,3,7] 



/[3] 



VW1 



[5,6, 13,1,7] = 
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([£,7, 13,1,6 ] = o) f [g, 7, 13,3 ,8] 
[£,6, 13,3,8] = - [4, 7, 12, 1,6,13, 5, 8] 



[€,7, 14,3, 



[3] 



[€,7, 13,5, 



[€,7,14,1, 



K,7, 13,1, 



[3K/M 
[6] 

FT 



[€,7, 13,1, 



[€,7, 13,3, 



[6] 

[€,7, 13,3,7] 



^= + [3] [4]) K, 7, 13, 1, 8]* j (K, 6, 13,5,9 ] = o) 



13] 



[€,7, 13,1,7]' 



[€,7,13,3,11] 



13J 



VT2K6] 



[€,7,14,3,11] = 



~8 [€, 7, 13, 1, 7, 14 ] = - 7W[^ 7, 13, 1, 8, 14], [€, 7, 13, 1, 7, 15] 

(We know from the Hilbert series of Theorem [XT] that all paths of length 8 which start at 4 and end at 12, 13, 17 are zero.) 



[€,6,13, 3,11,14 ] = -[€,6, 13,3,7 ,14] 
1 



[6] 3 + [3][4]J [€,7, 13,1,8, 14]* 



[€,6, 13,3,8, 14] 



[€,6, 13,5,8, 14] 



9 [€,7,13,1,7, 14,4] 



[€,7, 13,1,7,15,4] 



f[€,7, 13, 1, 7, 14, 1 ] = p) ([€, 7, 13,1, 7, 14,3 ] = o) f [€, 7, 13, 1, 7, 15, 2 ] = o) 



10 [€,7,13,1,7, 14,4, 10] 



[€,7, 13,1,7, 15,4, 10 ] =0^ (jg, 7, 13, 1,7, 14,4,7] = oY 



We choose u^i) = wio^io) = [10, 15, 2, 9, 16, 5, 8, 14, 4, 10]. Then 
v X5 „ m v(a 10)15 ) = [15,2,9,16,5,8,14,4,10,15] 



'[3] 

VWW] 



[15,2,7,13,5,8, 14, 4, 10, 15] + JjL [15,2,6,13,5,8, 14, 4, 10, 15] 



[2] 



[15,2,6,12,1,8,14,4,10,15] - -^= [15, 2, 6, 13, 3, 8, 14, 4, 10, 15] 



[3] y/[S] 
+ ^®S[i 5) 2) 6, 12, 1, 8, 14, 4, 10, 15] 



[4M3] 



[4]>/[3] 



[4]) [15, 2, 6, 12, 1,8, 14, 4, 10, 15] 



vW + [3] [4] [15, 2,6,12, 1, 7, 13, 1, 7, 15] 



[15,2,6,12,1,7, 14,4, 10, 15] 



f ( ^[ 6 ]3 + [3] [4] ) [1£ , 7j 12> 1, 7, 13, 1, 7, 15] 



[6]vW 
[2]v# 



[4] 2 [6] 



(v#+ [3] [4]) [15,4,7,12,1,7,13,1,7,15] = ca 15 , 4 t; 4 



i/(15)) 



and 



04,10^10,(4) = [ 4,10,15 ,2,9,16,5,8,14,4] 
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[4,7,15,2,9,16,5,8,14,4] 




Figure 18: Labelled graph £^ 



EL [ 4, 7, 12,2,9,16,5 , 8, 14, 4] - 
/ [3] 



[ 4,7,13,2,9 ,16,5,8,14,4] 
[2] 



[4] 



[4,7, 12,1,6,13,5,8, 14, 4] + [4, 7, 13, 5,9,16, 5, 8, 14, 4] 



[4] 2 [6] 



[3] 

vW + [3] [4]) [4, 7, 12, 1, 7, 13, 1,8,14 , 4] 

W + [3] [4]) [4, 7, 12, 1, 7, 13, 1, 7,14,4] 

s/W+ [3] [4]) [4,7,12,1,7,13,1,7,15,4] = cv Ml5) u(a 15j4 ) 



Then C = 1. 



A. 4 £( 24 ) graph for the conformal embedding S£/(3)2i C (£7)1 

For the graph £( 24 \ illustrated in Figure HU the automorphism v is the identity. The 
unique cell system W (up to equivalence) was computed in [251 Theorem 14.1]. We 
choose i — 1, j — 9 and fc = 17. We will write out a basis for the space of paths which 
start from the vertices 1,9. 



Paths starting at vertex 1: 



l 


Paths 




2 


[1,9,18] ([1,9, 17]= 0) 




3 


[1, 9, 18, 6] =: £1 ([1,9,18, 2] =0) 




4 


[1,9,18,6,13], [1,9,18,6,15] ([1,9, 18,6, 11] = o) 




5 


|4| 

[1,9,18,6,13,22] = --^=[1,9,18,6,15,22], [1,9,18,6,15,24] 


([1,9,18,6,13,20] =o) 



6 [6,13,22,4], [ 6, 13, 22 , 7] = LL^, 15, 22, 7 ] = H^4[gi, 15, 24, 7], [^,15,24,8] 

V L9J Vl 5 H 9 ] 

([6 , 13,22,5 ] = o) ([6 , 13,22,6 ] = o) 
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7 [5i,13,22,4,12], [ft , 13, 22, 4, 14] = - [ft , 13, 22, 7, 14] ; 

[3J 



[ft , 13, 22, 7, 16] = H^JI [ft , 15, 24, 7, 16] = - ^ 2][3 1M [ft , 15, 24, 8, 16] 
([ft, 13, 22, 4, 11] = o) ^[ ft, 13, 22, 7 , 15] = [ft, 15, 24, 7, 15] =0 



[ft, 13, 22, 4, 12, 19] = - ZEE [ft , 13, 22, 4, 14, 191, [ft, 13, 22, 4, 12, 211 = - ® "^ffl [ft 13 22, 4, 14, 21] 



[ ft, 13, 22, 4, 14 , 23] = - [ft , 13, 22, 7, 14,23 ] = -^EL [ft, 13,22, 7, 16,23] 
[3] V[3][5] 

Aft, 13, 22, 4, 14,22] = o) ([ft, 13, 22, 7, 16, 24] = o) 



[ft, 13, 22, 4, 12, 19,4] = - ^JL [ft , 13, 22, 4, 12, 21, 4], [ft, 13, 22, 4, 12,19,3 ] = [ft , 13, 22, 4, 12, 21, 3] , 

[3]y[5] V[3] 



[ft . 13, 22, 4, 12, 19, 2] I [ft , 13, 22, 4, 12, 19, 51 = [Zl^-M. [ft 13 2 2, 7, 14, 19, 51 = 

1 [3] 2 vT9j 



[ft, 13, 22, 4, 14, 23,3] = - [ 6 , 13, 22, 4, 14, 19 , 3] - [ ft , 13, 22, 4, 14 ,21,3] 

= ^t 3 !^] [ft 13 22,4, 12, 19,3] + [ft , 13, 22, 7, 14,21,3] 

([3] 2 [5] + [7]) [ft, 13, 22, 4, 12, 19, 3]* J ([ft, 13, 22, 4, 14, 23,7] = 0) 



[4][5]VM7T 

TO We will let ft denote the path [ft, 13, 22, 4, 12] = [1, 9, 18, 6, 13, 22, 4, 12] of length 7. 



[6,19,2,9], [ft, 19, 2, 10] = -^7= [6, 19, 3, 10], [ft, 19, 2, 11] = -^5 [ft, 19, 4, 11], 

V [2] [3] 



[6, 19,3,12] = -V[3][ft,19,4,12] 

-^[6^4,14] = ^[6,^14] = -^[6^3,14] = - JIL[£ 



[6,19,3, 14] = [6,19,4,14] =0 

"ll [6,19, 2,9,17 ] = -^/[3l[6,19, 2,10, 17], [6,19, 2,9,18] = -Zffl[6, 19, 2, 11^ [ft, 19, 2, 11, 20], 

V [3] 



[6,19,2,10, 19] = -v / [3T[6-19,2, 11, 19] = [6, 19, 4, 11, 19] = - ± MM [ft 19 4 12, 19] 



[ft.19,3,12,19] ^[ 6,19,2,11 ,22] = -^^[ft, 19, 4, 11, 22 ] = j ( [ft, 19, 3, 12, 21] = o) 



12 [ft, 19, 2, 9, 17,2 ] = -y/\S\[ &, 19,2,9, 18 ,2] = y/[5j [ft, 19, 2, 11, 18, 2 ] = -V[3][5][6, 19, 2, 11, 19 ,2] 
= v/[5j[6,19,2,10, 19,2], 



[3l,/[9l 

[6,19,2, 11,18,6 ] = — ^fi [6, 19, 2, 11, 20, 6], [6,19,2, 11,19,5 ] = L Jj 1 J [g 2 , 19, 2, 11,20, 5] 

[4] V[2][4][7] 

([6,19,2, 9, 17, 1 ] =0) ([6,19,2, 10, 19,3] = o) ([6,19,2, 11,19,4] = p) 
13 [6,19,2,11,18,6,11] = -^^[6,19,2,11,18,2,11] = ^^1® [ft, 19, 2, 11, 19, 2, 11] 

vw vpi 



[ft, 19, 2, 11, 19, 5, 11] 

vwwv 



^/^7TT9T 

[6,19,2,11,18,6,13] = --^-^[6,19,2,11,20,6,13] = - v r \ , " J [6, 19, 2, 11, 20, 5, 13] 
[4] [4] [5] 



2 ' : [ft, 19, 2, 11, 19, 5, 13], [6, 19, 2, 11, 18, 6, 15] 



[3][5]vT4] 
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([fa, 19, 2, 11, 18, 2, 9] =o) ([fa, 19, 2, 11, 19,2,10] = p) ([fa, 19,2, 11, 19,5,14] = o) 
"14 We will let fa denote the path [fa, 19, 2, 11, 18] = [1, 9, 18, 6, 13, 22, 4, 12, 19, 2, 11, 18] of length 11. 



[fa, 6,11,20] = ^[fa, 6,13,20], [fa, 6,15,24] 



[fa, 6, 11, 22] = -^222[fa,19,2,ll,19,5,ll,22] = ^-P=P [fa, 19, 2, 11, 19, 5, 13, 22] = V^ME [fa, 6, 13, 22] 
VWIC >-!—!—i ypj[5] [7] 

([fa, 6, 11, 18] = 0) ^[fa, 6,15,22 ] = [ & ,6,11,22] - [ fa, 6, 13, 22 ] = --ML[fa, 6, 11, 22]* j 

15 [fa, 6, 11, 20, 5] = - ^™ [fa, 6, 11, 22, 5], [fa, 6, 11, 22, 7], [fa, 6, 15, 24, 8] 



- ^^^ [ fa, 6, 11, 22 , 6] = -1^1 [fa, 6, 13,22,6 ] = - ^ ^ [5] 3 [ fa, 6, 13, 20 , 6] 



■^p[fa.6,H, 

/ [5l r . R 99 71 _ [2] [7], 
_[ fa,6,15,22 ,7]- — 



[fa, 6, 15, 24, 7] = --^y [fa,6, 15,22 ,7] = ±^[£3,6,11,22,7]* 



16 [fa, 6, 11, 22, 5, 14] = -Xj5[fa, 6, 11, 22, 7, 14], [fa, 6, 11, 22, 7, 16] 

([fa, 6, 11, 20, 5, 11 ] =o) ([fa, 6, 11, 20, 5, 13 ] = o) ([fa, 6, 11, 22, 7, 15] = o) 
1^,6,15,24,7,16] = !^. 



[fa, 6,15, 24, 8, 16] = --^y[fa,6,15,24,7, 16] = T„ 12 [fa, 6, 11, 22, 7, 16]* 



17 [fa, 6, 11, 22, 5, 14,21], [fa, 6, 11, 22, 5, 14, 23] = -^P[fa, 6, 11, 22, 7, 14, 23] = -^2= [fa, 6, 11, 22, 7, 16, 23] 



[ fa, 6, 11,22,5, 14 ,22] = [fa, 6, 11, 22, 7, 14,22 ] =0 

( [fa, 6, 11,22, 7, 16,24 ] = o) 

~18 [fa, 6, 11, 22, 5, 14,21,3 ] = ^= [fa, 6, 11, 22, 5, 14, 23, 3] ([fa, 6, 11, 22, 5, 14, 21, 4 ] = 

\ 

([fa, 6, 11,22,5, 14, 23,7] = o) 



19 [fa, 6, 11, 22, 5, 14, 21, 3, 10] ( [fa, 6, 11, 22, 5, 14, 21, 3, 12 ] = Oj ( [fa, 6, 11, 22, 5, 14, 21,3, 14 ] =0 
~20 [fa, 6, 11, 22, 5, 14,21,3, 10,17] ( [fa, 6, 11, 22, 5, 14, 21, 3, 10, 19] =0 



21 [fa, 6, 11,22, 5,14,21,3,10,17,1] ( [fa, 6, 11, 22, 5, 14, 21, 3, 10, 17, 2] = 



22 ( [fa, 6, 11, 22, 5, 14, 21, 3, 10, 17, 1, 9] =0 

Paths starting at vertex 9: 



l Paths 



[9,17,2] = -^/\S\[9,18,2], [9, 18,6] ([9, 17, 1] = 0) 



[9,18,6,11] = _ V^M[9, 18,2, 11] = -^BL [9, 17.2, 11], [9,18,6,13], [9,18,6,15] 



([9, 17,2,9 ] = o) ([9, 17,2,10 ] = o) 



4 [9,18, 6, 13,20 ] = ^S[9, 18,6,11,20], [9,18,6,11,22], [9,18,6,13,22], [9,18,6,15,24] 



[9, 18,6,11,18] = v ^ [9,17,2, 11, 18] = | ( [9, 18,6, 11, 19] = -^2L[9, 17,2, 11, 19] = 



[9,18,6, 15,22] = - V-ppl [9,18,6,11,22]* - [9, 18, 6, 13, 22]* 
._2__!_J [4] [4] 



[9,18,6, 13,22,5] = ^-5= [9, 18, 6, 13,20,5] = ^-^[9,18,6,11,20,5] = ^ [9,18,6,11,22,5], 
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[9, 18,6, 13,22,6] 



[9,18,6, 13,20, 6] = [9, 18, 6, 11,20,6] 



[9, 18,6,11,22,6], 



_[9, 18,6, 15,22,7] = H[9, 18,6,11,22,7]* + [9, 18, 6, 13,22,7]' 

[3] [4] 1 [ 4 ]y[3] 1 



[9,18,6,11,22,7], [9,18,6,13,22,4], [9,18,6,13,22,7], [9,18,6,15,24,8] ([9, 18,6, 11,22,4] = o) 
[9,18,6, 15,24,7 ] - 1 

[ 9, 18,6,15,22 , 6] 

[9, 18,6,15,22,5] 



y]3l 



[9,18,6,11,22,6] 



[9,18,6, 13,22,6] 



[4] 



[9, 18,6,11,22,5] 



[4] 1 ■ v w M 

^p[9,18,6, 13,22,5] = -[2] vW[9, 18, 6, 13, 22, 5] 



[9,18,6,13,22,6] =0 



[9,18,6, 13,22,5, 11] 



[7] 



[9,18,6,11,22,5,11] 



[9,18,6,11,22,6,11] 



[3] [5] 



' 7 ' [9, 18, 6, 13, 22,6,11] = ^-^E^ [9, 18, 6, 13, 22, 4, 11] - r J^ [9, 18, 6, 13, 22, 5,11] 



[9,18,6,13,22,4,11] = ^^1!^ [9,18,6,13,22,5,11]* 



[9, 18, 6, 13, 22, 5, 14], [9, 18, 6, 13, 22,6, 15] 



[3] 2 [5]' 
=> [9,18,6,13,22,6,11] 



[3] [5] 



[9,18,6, 13,22,5,11]* 



[9, 18, 6, 13, 22, 7, 15] , [9, 18, 6, 11, 22, 7, 16] , 



[9,18,6,13,22,4,12], [9,18,6,13,22,4,14], [9,18,6,13,22,7,16] 
1 



[9, 18,6,13, 22,5, 13 ] 
[3] 2 [5] 



: [9,18,6,13,22,6, 13] 



^ [9, 18,6, 11, 22,6, 13 ] = — ^-^P [ 9,18,6,11,22,5 , 13] 



l<] 



[9, 18, 6, 13, 22, 5, 13] => [9, 18, 6, 13, 22, 5, 13] = 0^ 



[9,18,6,11, 22,7, 14 ] 
[9, 18,6,13, 22,7,15 ] 
[9, 18,6,13, 22,7,14 ] 
[9, 18,6, 15,24,8,16] 



ill 

[3] 

1 
[2] 



[3] 

I 
[2] 



[ 9,18,6,11,22,5 , 14] = 
[ 9,18,6,11,22,6 , 15] = 
[9,18,6,13,22,4, 14]* 
[9,18,6, 15,24,7, 16] = 



[9, 18,6,13,22,5,14]' 



[9,18,6,13,22,6,15]' 



[3] 



[9,18,6,13,22,5,14]' 



[9,18,6,11,22,7,16]* ^2EL [9, 18, 6, 13, 22, 7, 16]' 



vrnrn 



[9, 18, 6, 13, 22, 5, 14, 19], [9, 18, 6, 13, 22, 5, 14, 21], 
[9, 18, 6, 13, 22, 5, 14, 22], [9, 18, 6, 13, 22, 5, 14, 23], 



1 



[9,18,6, 13,22, 5,11,19 ] 
[9,18,6, 13,22, 5,11,22 ] 
[9, 18,6, 13,22, 7,15,24 ] 

[9,18,6, 13,22, 4,12,21 ] 
[9,18,6,13,22,5,11,18] = o) ([9,18,6, 13,22,5,11,20] =0 



/[3] 



[9, 18, 6, 13, 22, 7, 16, 24] , [9, 18, 6, 13, 22, 4, 12, 19], 
[9, 18, 6, 13, 22, 4, 14, 21], [9, 18, 6, 13, 22, 4, 14, 23] 



[9,18,6, 13,22, 7,15,22 ] 



[3] [9, 18,6,13,22,7, 14, 22] 



[71 

[9, 18, 6, 13, 22, 4, 14, 22] + ^=L [9, 18, 6, 13, 22, 5, 14, 221 
[3] L, >^^_J yjgjl 



v [9,18,6, 13,22,4,11,22] J 1 = J [9,18,6,13,22,5,11,22] = v 1 J 11 [9,18,6,13,22,5,11,22]* 



[9, 18,6,11,22,7, 16,23] 



= [9, 18, 6, 11, 22, 7, 14, 23] = i^^M [9, 18, 6, 13, 22, 5, 14, 23]' 

m- vm 



[9, 18,6, 13,22,4, 14, 191 = — ^-3E[9, 18,6, 13,22,4,11,191 - Sj^M[g 18,6,13,22,4, 12,19] 
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1 JV 1 1 -[9,18,6,13,22,5,11,19]* - 1 'Xll [9, 18, 6, 13, 22, 4, 12, 19]* 



w 1 J vwm' 



[9, 18,6,13,22,7, 16,231 = -^£[9,18,6,13,22,7, 14,23] 

vwv 



^' 5 '^ [9, 18, 6, 13, 22, 4, 14, 23]* + V^EIl [g, ig, 6, 13, 22, 5, 14, 23]' 



VW VW] 

We will let £ denote the path [9, 18, 6, 13, 22] of length 4 



[£,5,11,19,3], [£,5,11,19,5] = --^=L[£,5, 11, 22, 5], 
,_ ! __ L j yppj^' 



[£,5,11,22,41 = vjl [£,5,11,19, 4] = -[£,5,14, 19,41 = ^^M [£,5, 14, 21,4] + [£,5,14,22,4] 



' 3 '^i[£, 5, 14,21,4] - [£,5,11,22,4] ( => [£,5,14,21,4] = M^^E[£, 5, 11, 22,4]* 



[£, 5, 11, 22 , 7] = -^-S[£, 5, 14, 22, 7 ] = ^j|j§ [£, 5, 14, 23, 7], [£,5,14,21,3], [£,4,12,19,2], 
V[5] V[3][5] 



[£,4, 12, 19,3] = ^[£,4,12,21,3], [£,4, 12, 19, 4 ] = --f^[£, 4, 12, 21, 4] 
V[3] [3]Vl 5 ] 

[£,5,11,19,2] =p) ([£,5,11,22,6] = o) 



[£, 5, 14,23,3 ] = -^|H[£, 5, 14, 19 , 3] - ^ [£, 5, 14, 21, 3] = [£, 5, 14, 19, 3] * - ^ [£ 

[£,7,15,24,7] = -^42 [£,7, 15, 22, 7] = [£,5,11,22,7]*) ([£, 7, 15, 24, 8] = O) 



[£, 4, 14, 23,3 ] = - [ £,4, 14, 19 , 3] - ^ [£ 



[2] VWmW] K , 5 , u , 19 , 3] + M [£, 4, 12, 19, 3] + [£, 4, 12,21, 3] 



V[10] WVP] [3][4]V[5] 

MVHI [£, 4, 12, 19, 3]* + M [£, 5, 11, 19, 3] * 



[5]VW] VW] 

[£.4,12.19,5] = - VMim ^ 4 u 19 5] _ VMM K 4 u 19 5] 
[ [3]^[9j [3]VM '^^" J 



= V™ [ £,4,11,22 , 5] + , 5] = MM [£, 5 ,11, 22, 5] * 

( [£,4, 12, 21,3 ] = ^S[£,4, 12, 19,3]* ) ( [£, 4, 14, 23, 7 ] = -\Z[3j K> 4, 14, 22 , 7] = — V[2][3] [4][5][£,5, 11,22,7]* 
V vl 5 l / 

[£,5,11,19,3,14], [£ 5 11 99 4 19] = -^^[£ 5 11 19 4 19] = - [£511 19 3 19] 

L^j , !_, yp] lS " V / [3]pI 



[£,5,11,22,4, 11] = — [£, 5, 11, 22, 5, 11], [£,5,11,22,4,14], [£,5,14,21,3,101, [£,4,12,19,2,9], 



[£,4,12,19,2,101 = -^E[£, 4, 12,19,3,10] = — 5^====== K> 4, 14, 23, 3, 10] , [£,4,12,19,2,111, 

[£, 4, 12, 19, 3, 12] = — /[3j[£, 4, 12, 19, 4, 12] ([£, 5, 11, 19, 3, 10] = o) ([£,5,11, 22,5, 13] = o) 



[£,5,14,21,3,12] = ^-E [f 5 14,21,4,121 = [£, 5, 11, 22, 4, 12]' 

[£,5, 14,21,3, 141 = --\/[3T[£, 5, 14,21,4,14] = - 5 11,22,4,141' 

,^^_) VL J I S. - ■ [4]V\m 



[£, 5, 11, 22, 7, 14] = ^jjjj [£, 5, 14, 23, 7, 14] = 7= [£, 5, 14, 23, 3, 14] 

, V[3][5] V[3][5] 
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[5,5,11,19,3,14] + -^=2L[£,5, 14,21,3, 14] = — ^EL[£, 5, 11, 19, 3, 14]* - [§, 5, 14, 22,4, 14] 1 



VW] VW\WY VW] [3] W 

([§,5,11, 22,7,15] = 0) ([£,5,11, 22,7, 16 ] = o) 



[§, 4, 12. 19,3.14 ] = -^P[ §, 4. 12, 19,4 ,14] - ^ [ §, 4, 12,19,5 , 14] 

[3] [3]VP] 



[7] ;K ,4 |12! 2M,14]-iM[|ATOl 



[3]W ' '^^" J [3]2VM 



[7] ,[§,4,12,21,3,14] - i™ [§, 5, 11, 22, 4, 14] - «^|P [<: 5 , n , 19 , 3, 14 



! -' [3]2vT9l ' [sIn/MPJ 

171 - Kl 4, 12, 19, 3, 14] - WMM [§, 5 , n , 22, 4, 14] - g&gM ^ 5 n ^ 3 u] 



[3] 2 [5] 1 ' ' ' ' [3]*y/® [3]VWI 



[§,4, 12,19,3,14] = - l 3 ^ l2] ^i [A5 ; 11 ; 19,3, 14]* - ^^ [^,5,11,22,4, 14]' 
[31 

[§, 4, 12, 19, 4,11] = ^==[§,4,12,19,2,11] - [ §,4,12, 19,5 ,11] 



H K, 4, 12, 19, 2, 11] - [ §,5,11,22,5,11 ] 
[7] [3]VT9IPI 



M [§, 4. 12, 19, 2, 11]* - P^V™ [§, 5, 11, 22, 4, 11]" 

vTtI ' [3]vM 



[§,4,12, 19, 4, 141 = ^ilL [§,4,12,21,4, 141 = V ^ [§, 4, 12, 21, 3, 14] = [§, 4, 12,19, 3, 14] 

^^^^ [3]v45j '^^- J VWM [3][5] 1 '' 

- [12] ^ = K , 5, 11, 19, 3, 14]* - [12lV ™[§, 5, 11, 22, 4, 14]' 



[§, 5, 11, 19, 3, 12, 19] = - ZftUp [g ; 5 ; n ; 19 ; 3 ; 14, 19] ; [§,5,11,19, 3,12,21] = -^==[§,5,11,19,3, 14,21] 



[§,5,11,19,3,14,22], [§,5,11,22,4,11,18], [§,5,11,22,4,11,19], 



[§,5,11,22, 4,11,22] = ^^, [§,5,11,22,4,14,22], [§,5,14,21,3,10,17], 

[§,4,12, 19, 2,9,17] = -yp]K,4,12,19,2,10,17], [§,4, 12,19, 2,9, 18 ] = -^==[§,4,12,19,2,11,18], 

v[3] 



[§,4,12, 19, 2,10, 19] = -V[3][§,4, 12, 19,2, 11, 19], [§,4,12,19,2,11,20] 
([§,5,11,19, 3,14,23] =0) ^[ §,5,11,22,4,11 ,20] = [§, 5, 11, 22, 5, 11, 20 ] = j 



[§,5, 11,22, 4, 14, 19 ] = - ^-pP [£,5,11,22, 4, 11, 19] - ^ ^^ [ §,5,11,22,4,12 ,19] 



■^ffl[f, 5, 11, 22, 4, 11, 19]* + ^ [3]M[9] [§,5, 11, 19, 3, 12, 19]' 

[5] vMtTPI 



[§, 5, 11, 22, 4,14,21] = -^[ §,5,11,22,4,12 , 21] = ^fl^K, 5, 11, 19, 3, 12, 21]* 
[§, 5, 11, 2W4, 23, = - [.5,11,22,5,14,23] - [§, 5, 11, 22, 7^23] = -[£, 5, 11, 22, 4, 14, 23] 
[§,5,11,22,4, 14,23] = 



- -^p [ §,5,14,21,3,12 , 19] = ^-ppf [ §,5,14,21,3, 14 , 19] 



[7][12] ,[§, 5, 11, 19, 3, 12, 19] + [51[12] ^ [§,5,11,22,4, 14, 19] 



V [3] 3 [4] 3 [5] [10] WVW\ 



™ 12] :[§, 5, 11, 19, 3, 12, 19]* - m^m^ 5, 11, 22, 4, 11, 19]* 



>/[3]"[4][5][10] 1 VWW] 



[5,4,12, 19, 3, 12, 19] = [g.4,12,19,3, 10, 19] - ^HlE [5,4, 12, 19,3, 14, 19] 



^P K ,4, 12, 19, 2, 10, 19] + m^M ^ ii, 19,3,14, 19 ] + [5]2[12] ^[ 5, 5, 11, 22, 4, 14, 19 ] 
Vl9] [SiyPIMIToT [4] [9] l ~ 

V™ [5, 4, 12, 19, 2, 10, 19]* - [12] ^™\ 5, 11, 22, 4, 11, 19]" 



[5,4,12, 19,2,11 ,22] = -^^[5,4, 12, 19, 4, 11,22 ] - ^pp K,4, 12,19,5 ,11,22] 
[3] [3] 



[5,4,12,19,4,14, 22] - 1™^ [5,5,11,22,5,11, 22] 



[3]vTioT [3] 2 VW0l 

[12] V™ [5, 5, 11, 19, 3, 14, 22] + [?][12] V^ [5,5,11,22,4,14,22] - MM [5, 5, 11, 22, 4, 11, 22] 



[3][io]VM ' ' ' ' ' [3]VM[9][io] m 2 VW] 

= wvm^ Bi u 1B 3) 14i 22r _ mwmi Ki 5 , n, 22 , 4 , n, 22r 

[3][10]y[9] [2][3]3[4] 

[5, 4, 12, 19, 3,12,21] = ]5, 4, 12, 19, 3, 14, 21] 
VT5] 



[5][12]vW r , [5][12]VT3j r , [2] [12] J [4] [5] [7] , 

l " JVLJ ,[5,5, 11, 19,3,14,21] - 1 JL '^Ll 1 [5,5,11,22,4, 14, 21] = - 1 - w 1 jy M[g, 5, 11, 19, 3, 12, 21]' 



V[4][7][9][10] L S ' [4] vT§I [3]VT9lM 



11 [5,5,11,19,3,12,19,2], [5,5, 11, 19,3, 12, 19,3 ] = ^^[5,5,11,19,3,12,21,3], 

V [3] 



[5. 5, 11. 19, 3, 12, 19, 4] = V_IZ]_ [5 5 11 19 3 12, 21, 41, [5, 5, 11, 19, 3, 14, 22, 6], 

,_ ! _ J _j [3] ^[gfK' 



[5,5,11,19,3,12, 19,5] = - ^^1® [5,5, 11, 19,3, 14, 19,51 = ^M=M[£ 5, 11, 19, 3, 14,22,5], 



[5, 5, 11, 22, 4, 11, 18, 2] = -v / [3j[5,5,ll,22,4, 11,19,2], [5,5,14,21,3,10,17,1], 

[5,4,12, 19,2, 9,17,2 ] = — ^/[3j[ g,4, 12,19,2,9, 18 ,2] = y/[5j [5, 4, 12, 19, 2, 11, 18, 2] = - V[3][5][ g, 4, 12, 19, 2, 11, 19 , 2] 
= vTjjjK. 4, 12, 19, 2, 10, 19, 2], [5, 4, 12, 19, 2, 9, 18, 6], [5, 4, 12, 19, 2, 10, 19, 5] 



[5, 5, 11, 19, 3, 14, 22, 4] = --^2L[5, 5, 11, 19, 3, 14, 19, 4] Plv^T re 5. n 19 3 14 2 1, 4] 



[5,5,11,19,3,12, 19,4] - ^ISl [5,5, 11, 19, 3, 12, 21, 4] = V-IBE [5, 5 , n, 19, 3, 12, 19, 4]' 



#W 1 VmWv ' Vm 

'[5,5,11,19,3,14,22,7] =0 



[5,5,11,22,4,11,18,6] = - [5 5 11 22, 4, 11, 22, 61 = ^ vT 3 ] [5 5 n 22, 5, 11, 22, 6] 

,_2_ Lj [4] [4]vT2HToT 

- ®- [g, 5, 11, 22, 5, 14, 22, 6] = ^H|l [5,5,11,22,4,14,22,6] + [5, 5, 11, 19, 3, 14, 22, 6] 



V-PP [5,5,11,22,4,11,22,6] + [5, 5, 11, 19, 3, 14, 22, 6] 

W " ' [10] 

/f3]3f5i 

-[5,5,11,22,4,11,18,6] + v 1 J li lg, 5, 11, 19,3,14,22,6] 
[10] ^[7] 



[5,5,11,22,4,11,18,61 = Mv_Hf^ [5 5, 11, 19, 3, 14, 22, 6]* 
[10][12]^/M 



[5. 5, 11. 22, 4, 11, 19, 3] = - ® [5 5 11 22, 4, 12, 19, 3] [5, 5. 11, 22, 4, 14, 19, 3] 

' vTWr ' Vmwv ' — - 



V[3][5] [9] . 22 . _^ y[9] . 22 . = [4]V[ 2][7][9 j 



[5. 5, 11, 22, 4, 11, 19, 4] = ^21 [5, 5, 11, 22, 5, 11, 19, 4] = [5. 5,11, 22, 5, 11, 22, 41 

v - vMioi vmwv 
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-[£,5,11,22,5,14,22,41 = -[£,5,11,22,4,14,22,4] - rg 5 n,19,3, 14,22,41 



M[£, 5, 11, 22, 4, 11, 22, 4] + [4] ^ [2] [3] [9] [£, 5, 11, 19, 3, 12, 21, 4] 

[4] vTtJPI 



-[£,5,11,22,4,11,19,41 + M^/PMMr, 5 n 19 3 12, 21,4] 



[4] 2 / r 2 l [31 fgl 

[£,5,11,22,4,11,19,4] = - LJ v L "J U [t 5 n 19 3 12, 19,41" 
[12]vW0l 



[£,5,11,22,4,11,19,5] = - v ^ [£,5,11,22,4,11,22,5] = [£,5,11,22,4, 14,22,5] 



^ [£,5,11,22,4, 14, 19,5] = -[£,5,11,22,4,11,19,5] + — ^HH=[£, 5, 11, 19, 3, 12, 19, 5] 



[4] /f3] fgl 

[£,5,11,22,4,11,19,5] = — L J V 1 " J [£ 5 11 19 3 12,19,5]' 
[12]VT2H7lpI 



[ £,5,11,22,4,11,22 ,7] = ^pj= [£, 5, 11, 22, 4, 14, 22, 7 ] = 



[ £,5,14,21,3,10,19 , 2] 



[2] [?1 [12] = [£, 5, 11, 19, 3, 12, 19, 2] + [£,5,11,22,4,11,19,2] 



[3] 2 v / phto] ' ypppM 

[2][71[12] [£,5,11,19,3,12,19,2]* [^^[£,5,11,22,4,11,18,2]* 



[3] 2 yi4HToi mvwm 

'[£, 4, 12, 19, 2, 9, 17, 1] = 0) ([£, 4, 12, 19, 2, 10, 19, 3] = 



[ £,4,12,19,2, 10, 19 ,4] = -^/\S\[£,4, 12, 19,2, 11,19,4 ] = - K' 4 ' 12 ' 19 ' 2 ' U ' 22 > 4 1 



1121 s [g , 5 , n , 19, 3, 14, 22, 4] + MMW [£, 5, 11, 22, 4, 11, 22, 4] 



V [3] [4] [9] [10] Q [21VWI4P 



[3]vTToI [2][4]vTsF 

[4][6]V[2][7][10] r 

J £, 5, 11, 19, 3, 12, 19, 4 * 

[3]VW] 



[£,4,12,19,2,11,20,51 = _VjH^E[f 4 12,19,2,11,19,51 - ^-UHll [£ 4, 12, 19, 2, 11, 22, 51 



4HI [£, 4, 12, 19, 2, 10, 19, 5] - MTO [ £,5,11,19,3,14,22,5] + »M! [ £,5,11,22,4,11,22,5 ] 
VT^M [3] 2 [9][10] ^' J [2][3] 4 [4] ' 1 



^»£ 1,12,19,2 10 19 *]• W^VTW, 

5,11,19,3,12, 19,51* 



[£, 4, 12, 19, 2, 11,20,6] = - -yL [ £,4,12, 19,2,11,18 , 6] - ^^jj? [£^ 



^^i[£,4, 12,19,2,9, 18,6] - — — [£, 5, 11, 19, 3, 14,22,6] + ® ^ t 7 !^ ^ 5> 11; 2 2, 4, 11, 22, 6] 



N/ISM [9][10]yi3j [2][4]y[3p 



W ^ [£, 4, 12, 19, 2, 9, 18, 6] * - MMvp K , 5, ii, 19, 3, 14, 22, 6] * + MM [£,5,11,19,3,14,22,6]* 



VWM ' ' ' ' ' ' [9][10]^[3] 1 [2][10]V[3p 

12 [£,5,11,19,3,12, 19,2,9], [£, 5, 11, 19, 3, 12, 19, 2, 10] = -^Bl[£, 5, 11, 19, 3, 12, 19, 3, 10], 

V [2] 

[£, 5, 11, 19, 3, 12, 19, 2, 11], [£, 5, 11, 19, 3, 12, 19, 3, 14], [£, 5, 11, 19, 3, 12, 19, 4, 11], 



[£,5,11,19,3,12, 19,5,13] = ^- jl = SS ff, 5, 11, 19, 3, 1 4, 22, 5, 13] = — ^2EL[£, 5, 11. 19, 3, 14, 22, 6, 13], 
l£^^^^^> y[9]pj '_!_!_J v / I g J pj 

[£, 4, 12, 19, 2, 9, 17, 2, 11] , [£, 4, 12, 19, 2, 9, 18, 6, 13] , [£, 4, 12, 19, 2, 9, 18, 6, 15] 



SO 



[£,5,11, 19,3, 12, 19,3,12] = - \/[3j[£,5, 11, 19, 3, 12, 19,4, 12] = ^ ^ jD EE ! [£, 5, 11, 22, 4, 11, 19, 4, 12] 
lq , j J [4]2^/[2][9] 1 J 



I 12 ] vT^ITlOl ^ [5|11|2 2,4, 11, 19,3 ,12] = - J^^L [£, 5, 11, 19, 3, 12, 19, 3, 12] 



[4]2^[2][3][9] — [3] 2 [4] [5] 

=> [£, 5, 11, 19, 3, 12, 19, 3, 12] = 0) 

[£, 5, 11, 19, 3, 12, 19^11, = --J|[£, 5, 11, 19, 3, 12, 19, 2, 11]* - [£, 5, 11, 19, 3, 12, 19, 4, 11]* 



[£,5,11,19,3,14, 22,6,11] = t 7 ^ ! ^ 5[ 11; 19> 3; 14; 2 2, 4 , 11] - ^1 [£, 5, 11, 19, 3, 14, 22, 5 , 11] 

[3]Vl 5 ] PI 



^™ [£, 5, 11, 19, 3, 12, 19, 2, 11]* + V™M K , 5 , 11, 19, 3, 12, 19, 4, 11]* 



yisIFIM v/[4][5l 
([£,5,11, 19, 3, 12, 19,4, 12] = o) 



[£.5,11.19,3,12, 19,5,14] = ^ jl B E [£ ,5 11,1 9 ,3 ,1 4 ,22 ,5 ,14] = _X^Brt 5 n 19 3 14,22,4,141 

- ^^ 2 ^ 5 -[£,5, 11, 19, 3, 12, 19,4, 14] = HJ^H§[£, 5, 11, 19, 3, 12, 19, 3, 14] + [2] [4] [£, 5, 11, 19, 3, 12, 19, 5, 14] 



OTo] VMTo] 



[£,5,11,19,3,12, 19,5, 14] = ^ ^^H B [£, 5, 11, 19, 3, 12, 19,3,14]* 

[6][9]^[7p0] 

f 2 l [31 2 

[£,5,11,19,3,12,19,4,141 = 1 11 ' [£,5, 11, 19,3, 12, 19,3,14]' 
([£,5,11,19,3, 14, 22, 6,15] = o) ([£,5,11,22,4,11, 18,2,9 ] = 0) 



[£,5,11,22,4,11,18,2, 10] = — y/[3] [£, 5, 11, 22, 4, 11, 19, 2, 10] = ^E[E3 [g ; 5^ n ; 22, 4, 11, 19, 3, 10] 



[4]V[2][7][9] r 

-[£,5,11,19,3,12,19,3,10] 



[3][S]vW 



[41 / Ml 3 [31 3 [5] 

[£,5,11,22,4,11,18,2,11] = -^^[£,5,11,22,4,11,18,6,11] = - VN L i =y=[£, 5, 11, 19, 3, 14, 22, 6, 11] 

W- [io][i2]vT2H7] 



[31[4] ^1 =[£, 5, 11, 19, 3, 12, 19, 2, 11]* - J3!M K) 5, 11, 19, 3, 12, 19, 4, 11]* 



[12]V[2][7][10p NvW 



[£,5,14,21,3,10,17,1,9] = -^H[£, 5, 14, 21, 3, 10, 17,2,9] = IZKHl^M [£ 5 n 19 3 12, 19,2,9]' 
([£,4,12,19,2, 9,17,2 ,9] = - y^3j[£, 4, 12, 19, 2, 9, 18, 2, 9 ] = 0) ([£,4,12,19,2,9, 17,2, 10 ] = 0) 



[£,4,12,19,2,9,18,6,111 = -^S[£,4, 12,19,2,9, 18,2,11] = [£,4,12,19,2,9,17,2,11]* 

<M V\m 



[31 

[£,4,12,19,2,10, 19,5,11] = - -j±= [£, 4, 12, 19, 2,10, 19 , 2,11]- [ £,4, 12,19,2, 10, 19,4 , 11] 

vM 



[3]3 [£,4, 12, 19,2,11,19,2,11] + MlgM^M 5,11, 19, 3j 12, 19, 4, 11] 



[7] [3] VW] 



[3] [£,4,12,19,2,9,17,2,11]* + M [6] [£, 5, 11, 19, 3, 12, 19, 4, 11]' 



VWf] [3] -/[S 

[£,4,12,19,2,10,19,5,13] = -y / [3j[£, 4, 12, 19, 2, 11, 19, 5, 13] 



^' 3 ' 3 ^,[£,4, 12,19,2,11,20,5,13] + B [£, 4, 12, 19, 2, 11, 22, 5, 13] 



V / [2PI[7] ' \/i2ffl 

[5]V [3] 3 [9] r 2Q , VUL re 4 12, 19, 2, 11, 22, 6, 13] 
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[3] 2 yp]|5] r , [5] [12] J [2] [4] [7], 

i j - [£, 4, 12, 19, 2, 9, 18, 6, 13] - v i2 [£, 5, 11, 19, 3, 14, 22, 6, 13] 



[ £, 5, 11, 22, 4, 11, 18, 6 , 13] + ™' 12 'v^ [ €,5,11,22,4,11,22,6 , 13] 

vwww] - iwvww - 



m 2 VWM_ [^ 4)12) i 9) 2, 9, 18, 6, 13] - MS [€,5,11,19,3,14,22,6,13] 



[3] 2 y]4jl5] r [4] [6] ^[2] [7] [10], 

v [£,4,12,19,2,9,18,6,13] + i— - [g, 5, 11, 19, 3, 12, 19, 5, 13] 



[£, 4, 12, 19, 2, 10, 19,5,14] = - v ^ [£,4,12,19,2,10, 19,4, 14] = — ^®[ZL [g, 5, 11, 19, 3, 12, 21, 4, 14] 



^=[£,5, 11,19,3, 12,21,3,14] = ^\f}J} [£, 5,11,19,3,12, 19,3,14]' 



VWl5] [3] 2 [5] 
13 We let £2,6 denote the paths £2 = [£,5,11,19,3] = [9,18,6,13,22,5,11,19,3], and 
£ 3 = [£, 4, 12, 19, 2] = [9, 18, 6, 13, 22, 4, 12, 19, 2] of length 8. 



[£2,12,19, 2,9,18 ] = -^E[£ 2 ,12, 19,2,11, 18], [£2,12,19, 2, 10, 19 ] = -vT3j[g2,12, 19, 2,11, 19], 

V [3] 

[£2,12,19,2,11,20], [£2,12,19,2,11,22], [£2,12,19,3,14,22], 



[ £ 3 ,9, 17,2, 11 ,20] = ^pEJ[£ 3 ,9, 18, 6,11,20 ] = ^p2J[£ 3 ,9, 18,6, 13,20], 
v[2] V[2] 



[£ 3 ,9, 18, 6, 13, 22], [£3, 9, 18, 6, 15, 24] 

(We know from the Hilbert series of [311 Theorem [XT] that all paths of length 13 which start at 9 and end at 17 are zero.) 
[41 

[£2, 12, 19,3, 14, 19] - 



= [ £2, 12, 19,3, 10 , 19] = ^II[€2.12,19,2, 10, 19]*] ([£2, 12, 19, 3, 14, 21 ] = 0) 
I V[ 3 1[5] / V ' 



Vim 

[£2,12,19, 3, 14,23 ] = 0) ^[ £2,12,19,4,11 ,18] = -_J^=[£ 2 ,12, 19,2, 11,18]* j 



[£ 2 .12,19,4,ll,19l = ^EL [£ 2 , 12, 19,4, 14, 191 = - — v/ |!E [£ 2 .12, 19,3, 14, 191 

f2K/T3F 

' r[£ 2 ,12, 19,2, 10, 19]* 



mmvm 



Now [£2,14,22,6,11,20] = -^£i[£2,14,22,6,13,20] = - ^ l 9 ^ 1 ^ [£2,12,19,5, 13,20] 



v/RM 5 mvw VJW] 

Then [£ 2 , 12, 19, 4, 11, 20] = VMI 5 ! _ [£ 2 14,22,6,11,20] 2— [£ 2 ,12, 19,2,11,20] 

l ~ V[3][7][9][10] L? [3]^ 

~ =[£2,12,19,2,11,20] - ^[£2,12,19,4,11,20] 



[£2,12,19,4,11,20] = - Myljl ^ 12 , 19,2,11,20]* 
[3] [6] 1 



[£2, 12, 19, 4, 11, 22] = V ^L [£ 2 ,12, 19,4, 14,22] = -t^J-^SL [£2 , 12, 19,3, 14,221' 
VWV [6][9]^[7]pl 



[£2,12,19,5, 13,20] = - ^Y^ [£ 2 ,12, 19,5, 11,20] = ^^[£2,12, 19,2,11,20] + ® "{3 [£2. 12, 19, 4, 11, 20] 
v/[7] " [7] ^[7] 

I^J /r i 2 



[6] [7] 



([3] 2 [6] - [4][7])[£ 2 ,12,19,2,11,20[* 



[£2,12,19,5, 13,22] = - ^^ [£2,12,19,5,11,22] - ^PH^KJ] 19,5,14,22] 
[ 3 ]vT9l L [3]VT9I 



^ [£ 2 , 12, 19, 2, 11, 22]* + m3]vwm { 22r 

[6]vWPI 
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([&,9,17, 2,11,18] =o) ([6,9,17, 2,11,19] = o) 



[ 6,9,17,2,11 , 22] = - 4P Ksi 10, 19, 5,11,22 ] + MrMgM [ 6 , 12, 19, 4, 11, 22 ] 
[3] [3] 2 



^« K ,,10,19,5,14 ,22] + MV™ T . 
[3] [3f[5] 



[9] [ 6,10, 19,5,13 ,22] + v 1 J [ g 3 ,10, 19,5, 14 ,22] + ^J, [6,12, 19,3,14,22] 



[3]V[4][5][9] r , [4][6]V[2][7][9][10] r , [6][12]-v/[2][4][7] 3 , 

" " J 6,9,18,6, 13,22 - J L_^ - J 6,12, 19,5, 13,22 + IX, r I 6,12,19,3, 14,22 

[7]vl2] [3]VM L£ ^ — ^ — ^ — ^ — [3] 3 [5] 



[3] 2 vM[6,9,18,6,13,22r„[4][6]y^ 

[7]vT2j [3] [9] 



[6,9,18, 6,15,22] = - ^-pp [6,9, 18,6,11,22]* - "T^pfe 



14 [6,12,19,2,9,18,6], [6,12,19,2,10,19,4] = - vT^fe, 12, 19, 2, 11, 19, 4] = -^-^^[6,12,19,2,11,22,4], 

vW 



[6, 12, 19, 2, 10, 19, 5], [6, 12, 19, 2, 11, 20, 6], [6, 12, 19, 2, 11, 22, 7], 
[6,9,18,6,13,22,5], [6,9,18,6,15,24,8], [6,9,18,6,13,22,7] 

([6,12,19,2, 9,18,2 ] =0) ([6,12, 19,2, 10, 19,2 ] = p) ([6, 12, 19,2, 10, 19,3 ] = o) 



[6,12,19,2,11,20,5] = — = ^3 [£ 12, 19,5, 13,20,5] = rr ^ffi^T? ,, [6,12,19,5, 13,22,5] 

vTWM-MPl) !-J ([3] 2 [6]-[4][7]) Lq 



[3][6] VMIT] 19 _ 2i U) 5] _ _m^™E_ [eai 12, 19, 3, 14, 22, 5] 



[9K[3]2[6]-[4][7]r vwWKmm-imr 



WW^m [6 , 12 , 19 , 2, 11,19,5]+, JpgL „ [fa, 12, 19,2, 11,20,5] 



[9ft [3] 2 [6] - [4] [7] ) " J ( [3] 2 [6] - [4] [7] ) 



[2] 2 [3] 2 [4]\/[5ll7l , 

1 J 1 1 1 JV 1 " J -[6,12,19,3, 14, 19,5] 



[9] 3 ([3] 2 [6]-[4][7])' 



■^!M_, [fa, 12, 19, 2, 11, 20, 5] + ^S? 4] r^[6, 12, 19, 2, 10, 19, 5] 



([3] 2 [6]-[4][7]) L> ' 7[9F([3] 2 [6]-[4][7])' 
A./T21 3 T3l 3 

=> [6, 12, 19, 2, 11, 20, 5] = — \ 1 ' 11 [6, 12, 19, 2, 10, 19, 5]* 

vimm 3 

[6,12,19,2,11,22,5] = - VIJM [6, 12, 19, 2, 11, 19, 5] - ^^ [6, 12, 19, 2,11,20, 5] 



=[6,12,19,2,10,19,5]' 



3 1 



[12]V[3][4][5] 

[4] 

[6-12,19,2, 11,22,6 ] = -=U — [6,12,19,2,11,18,6]* ^====== [6,12,19,2,11,20,6]' 

V[3][5] V[3][5] 



[6-12,19,3, 14,22,4] = [6, 12, 19, 3, 14, 19,4] = ^=[6,12,19,2, 10, 19,4]' 

,_ ! _ L j ^_ L , 



[6-12,19,3, 14,22,5] = - ^==S [6, 12- 19, 3, 14, 19, 5] = - ^- |SI= 1 [6 12,19,2, 10, 19,5]* 

vw\ vim 



[6-12,19,3, 14,22,6] = — ^ [6, 12, 19, 4, 11, 22, 6] 

vwm — — 



-^™^[ fa,12, 19,4, 11, 18 ,6] - ^™^[ fa,12, 19,4,11,20 ,6] 

vm - vrn] - 

^™ [6, 12, 19, 2, 11, 18, 6] + vMgMfr, 12, 19, 2, 11, 20, 6] 



mvW] mvw] 



^W[6, 12, 19, 2, 9, 18, 6]* + vSpM [6 , 12 , 19, 2, 11, 20, 6]* 



[7] [6] y/W] 

([6, 12, 19, 3, 14, 22, 7] = 0) 



83 



[£3,9,17,2,11,20,5] = - ^^Jll fe, 9, 17, 2, 11, 22, 5] = - ^ [^ fe.a, 18,6,13,22,5] 



iminvmm^ ww] _ ivip (If + 1)[mM 5] 



«^ K 3, 9, 18, 6, 13, 22, 5]* + P^V™ ( 5] , 



[£ 3 ,9, 17,2,11, 6] = - "^^1® [ 6.9. 17, 2, 11, 22 , 6] = - ^^^l 4 -[£ 3 ,9, 18,6, 13,22,6 ] 

[7] \/[2] 



[4][6M2][5][7][10] r ^ [2] 3 [3] [4] 3 [5] [71 r l2 

L " JV1J1 " J1 J fe, 12, 19, 2, 11,22,6] - VLJ / __L -^-^([3] + 1)[£2, 12, 19, 3, 14, 22, 



^^^[£3,9,18,6,13,20, 6] + [412[61 ^™[6,12, 19,2, 11, 18,6] 



[4]3[ 5 ] vWrM [6> 1B> ^ u> 6] + [4]V[2H3][5][10] (p]2 + ^ f ^ ^ ^ g _ ^ g] 



[6] [9] vT^IM 



^ffl [£ 3 ,9, 17, 2, 11, 20, 6] - MM^WPI [& 12 lg 2 g 18 6] _ M^ISK/PFMM £ 12 , 19, 2, 11, 20, 6] 
[7] V /[7][9F 



4U/ 2 3 5 10 4 2 5U/ 2 3 7 10 1 

=>• 6,9,17,2,11,20,6 = - L JV iy j — L £2,12, 19,2,9, 18,6 * - 1 J 1 JV r J , 1 JL £2,12, 19,2, 11,20,6 ' 

^Tjfgp [ 6 ] [9] 

[£3,9,18,6,13,22,4] = [£3,9,17,2,11,22,4] - I 2 1 1 6 ] VMTjW Q rg 12 19 2,11,22,4] 

l ^^-^^-> m 2 V¥i\m [3] 3 vT5ii9T 

_ [2] 2 [4] yi7F q 3 -|2 + 12 lg 3 u 22 4 , = [2] 3 [4][12]^/[7F 

[3]2y[5][9p ^ ' V[3] 5 [5][9] 3 



[£3,9,18,6, 13,22,6] = ^=[ £3, 9, 18,6, 13,20 , 6] = -J^jL[ £ 3 ,9, 17,11,20,6 ] 
V [3] V [3] [4] 



VTW [6][9]VT3l 



[£3,9,18,6,15,24,7] = -^^[£ 3 ,9, 18,6,15,22,7] = ^r[£ 3 ,9, 18,6,11,22,7] + ^||I [£ 3 ,9, 18,6, 13,22,7] 



M^MP] [£ 2 ,12, 19, 2,11,22,7]* + ■ [£3 , 9, 18, 6, 13, 22, 7] * 

VWW] VW] 



15 [£ 2 ,12,19,2,9,18,6,13], [£2, 12, 19,2,9, 18,6,15], [£2, 12, 19,2, 10, 19,4,11], 

[£2, 12, 19, 2, 10, 19,4, 14] = --^^^[£2, 12, 19, 2, 10, 19, 5, 14], [£2, 12, 19, 2, 11, 22, 7, 16], 

V [5] 



[£ 3 ,9,18,6,13,22,5,14], [£ 3 , 9, 18, 6, 13, 22, 7, 16] f[£ 2 , 12, 19,2,9, 18,6,11 ] = 0) 
([£2,12, 19,2, 10, 19,4,12] =0) ([£2,12, 19,2, 10, 19,5,11] = -[£2, 12, 19, 2, 10, 19, 4, 11]*) 



[£2.12,19,2, 10, 19,5,131 = — ^2S=L[£ 2 ,12.119,3, 14, 22, 5, 131 = — ^E=[£ 2 , 12, 19, 3, 14, 22, 6, 131 
- H [£2 ,12,19,2,9,18,6, 13] + ^VJfM [£ 2 , 12, 19, 2, 11, 20, 6, 13] 



V ™1 [£ 2 ,12,19,2,9,18,6, 13] + VJ ^^^ [£ 2 ,12, 19,2,11,20,5, 13] 



mvm mvmr 



[£ 2 ,12,19,2,9,18,6, 13] - j^TT K 2 .12.19,2, 10, 19, 5, 13] 



[312/7513 

=> [£2,12,19,2,10, 19,5, 13] = 1 J v 1 1 [£2,12,19,2,9, 18,6, 13]* 

[7] 2 vT2pl4l 

[£2,12,19,2,11,20,6,11] = -V[3][£2,12, 19,2, 11,20, 5, 111 = , [£2,12,19, 2, 10, 19,5,111 

,_ L _^_ J v JL ^ — , — ,_, — , — ,_, ^__ lM , — , — ,_, — , — 

[312 /T2T3 

- ,[£2,12,19,2,10,19,4,11] 



84 



[6,12,19,2,11,20,6, 13] = ^P-[6,12, 19,2,11,20,5,13] = - v lfll - fa, 12, 19, 2, 10, 19,5, 13] 

[5] l - mvww ■ 

- V '' 3 ' 7 ^ F [6,12, 19, 2,9, 18,6, 13]' 



W[7] 2 VT9F 



Now fa, 9, 18.6,13,22,6, 15] = -^Hfa, 9, 18, 6, 13,22,7,15] = - — ^ (j^MM fa , 12, 19, 2, 11, 22, 7, 15] 



[6]^MMTioT 

[3]VT2H9I 



M$hgI K 12) 19j 2) u 18> 6i 15] _ WVWoT 



= MW^K 12 , 19, 2, 9, 18, 6, 15] - [6] ^™f£ 2 ,12,19,2,11,20,6,15. 
Then fa, 12, 19,2,11,20,6, 15] 



[6][9]V[3] r , [6]VP] r 

: fa, 9, 18, 6,13, 22, 6, 15] 1 J v 1 J fa, 12, 19, 2, 9, 18, 6, 15] 



[2] 2 [5] V M 3 [7] [10] " [2]{mV\W] 



[ 6 ]V[3] _^ 3 j 2 + 1 )^ 2|12j 19,2,9, 18,6, 15] - ^fj fa, 12, 19,2, 11,20,6, 15] 



[2][4][7]vl5jM U [2][4] 2 [7]' 

([2][4] 2 [7] + [3] 2 [6])fa, 12, 19, 2, 11, 20, 6, 15] = -MM^I([3] 2 + l)fa, 12, 19, 2, 9, 18, 6, 15]* 

V[5][9] 



fa, 12, 19,2, 11, 22,7, 14 ] = --¥-lZl fa, 12, 19, 2, 11, 22, 4 , 14] - ^jZl fa,12, 19,2,11,22,5 , 14] 

[3] [3] 

=fa, 12, 19, 2, 10,19,4, 14] — —fa, 12, 19,2,10,19,5,14] 



#PM ' [12]V[3] 3 [4][5]^ 



[5]VWWV 



[41 

fa, 12, 19,2, 11, 22,7, 15 ] = --^Li fa, 12, 19, 2, 11, 22, 6 , 15] 

[2] 



[413 \/[4U9T 

LJ fa, 12, 19,2, 11,18,6, 15] + ; 1 = fa, 12, 19, 2, 11, 20, 6, 15] 



VW ([2][4] 2 [7]-[6]) 



[5]vT2l([2][4] 2 [7] + [3] 2 [6]) 



fa, 12, 19,2,9,18,6, 15]* 



fa, 9, 18, 6, 13, 22,5, 11] = fa, 9, 18,6, 13,22,4,11] - -ifa,9,18,6, 13,22,6,11] 

yM Vm 



mvvwww] & u] + wwvmm Kail2il9i2>11|20i6ill ] 

ff^^^ ([2][7][12] + [3] 7 [5])fa, 12, 19, 2, 10, 19, 4, 11]* 
[6] V [3] [7] [9] 5 

fa, 9, 18, 6,13, 22, 5, 13] = ^= fa,9, 18,6,13,22,6 ,13] 

[3] 



vwmw Pi M N 



fa, 12, 19,2,9,18,6, 13]* 



V[3][4][7][9] 

fa, 9, 18,6,13, 22,7, 14] = fa, 9, 18,6, 13,22,4 , 14] - ^3 fa, 9, 18,6,13,22,5,14] 

]3J ]3J 



[21 3 [41 f7l 2 [121 /T7T 

, „ .. - [6, 12, 19,2, 10, 19,4, 14]* - ^Vfa,9, 18,6, 13,22,5, 14]' 



fa, 9, 18,6,13, 22,7, 15] = -^E fa,9, 18,6,13,22,6 , 15] 
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[4] v / [2][5jpT , [4] 2 [5] J [2] 3 [7] [10] , 

-[6,12,19,2,9,18,6,15] + LJ LJ v LJ ^ JL J 6, 12, 19, 2, 11, 20, 6, 15] 



V\7]W [6] [9] y/W] 

[3] 2 [4]V[2][5][10] ([6] -[2] [4] 2 [7]) 



y[7j[9p ([2][4] 2 [7] + [3] 2 [6]) 



[6,12,19,2,9, 18,6, 15]' 

[6 , 9, 18, 6,15, 24, 8, 16] = - [ 6,9,18,6, 15,24,7 , 16] 
V [2] 

N /[2][4][5][9] r [5] [6] J [2] [7] [10] , 

= — JL _LL JL J 6,9, 18,6,13,22,7,16 * - L JL J v iii J — 6, 12, 19, 2, 11, 22, 7, 16 
[3] VW 



[41 

16 [6,12, 19,2,9,18,6, 13,22] = --^[6,12,19,2,9,18,6,15,22], [6,12,19,2,9,18,6,15,24], 



[6, 12, 19, 2, 10, 19, 4, 11, 19] = ^=2L[6, 12, 19, 2, 10, 19, 4, 14, 19], [6, 12, 19, 2, 10, 19, 4, 14, 23], 

[6,9, 18, 6, 13, 22, 5, 14, 21], [6,9, 18, 6, 13, 22, 5, 14, 23] 

([6,12, 19, 2, 9,18, 6, 13,20] = o) [ [ 6, 12, 19, 2, 10, 19,4,11 ,18] = - ^=^ [6, 12, 19, 2, 11, 20, 6, 11, 18] = j 

\ [3] v [2] J 



[6-12, 19, 2, 10, 19, 4, 11, 20] = -[6, 12, 19, 2, 10, 19, 5, 11, 20] = vY?] rt 2 12 19 2 10 19 5 13 20] 
= [6,12,19,2,9, 18,6,13,20] = 0) 



[6,12,19,2, 10, 19, 4,11,22 ] = ^jj. [ 6 ,12,19,2, 10, 19, 4, 14 , 22] = - ^|jS [g 2) 12, 19, 2, 10, 19, 5,14,22] 



[3I./T9T 

[6, 12, 19, 2, 10, 19, 5, 11, 22] + 1 v 1 1 [6, 12. 19, 2, 10, 19, 5, 13, 22] 



-[6, 12, 19, 2, 10, 19, 4, 11, 22] - i^pj^^ fe, 12, 19, 2, 9, 18, 6, 13, 22] 



=> [6,12, 19,2,10, 19,4,11,22] = - ® ^^!^ M[6,12, 19,2,9, 18,6, 13,221* 

[12]vT2]W 

[6,12,19,2, 10, 19,4,14,21] = 0) 



[6, 12, 19, 2, 11, 22, 7, 16, 231 = -"^E[6, 12, 19, 2, 11, 22, 7, 14, 231 = ^ ^EE [6,12, 19, 2, 10, 19, 4, 14, 231' 

^3 p [3] 2 y[5TPI 



[6,12,19,2,11,22,7,16,24] = - V [3][6, 12, 19, 2, 11, 22, 7, 15, 24] 



VT3][4P ([2][4] 2 [7] - [6]) . 

v 1 JL J u J ' I , o „ 6, 12, 19, 2, 9, 18, 6, 15, 24 * 



[5]7[2] ([2][4] 2 [7] + [3] 2 [6])' 



[6,9,18,6,13,22, 5,14, 19] = - ^jj=j [ 6, 9, 18, 6, 13, 22, 5,11 , 19] 



V[2] 7 [3][4] 3 [3] 7 [5])[6, 12, 19, 2, 10, 19, 4, 11, 19]* 

[6]vTtH9F 



[6 ■ 9, 18, 6, 13, 22, 5, 14, 22] = ^=EL [6,9, 18, 6, 13, 22, 5, 11, 22] [6, 9, 18, 6, 13, 22, 5, 13, 221 

■ vmr vmm — — ' 

_ [2]V[3]M[5][10] ([2][7][12] [3] 7 [5])K 12 19 2 1Q lg 4 n ^ _ [12] ^[2] [3] [5] [10] 
[6]vT7W J; l J [4] [7] [9] 

VPIMMP] ([ 2 ] 2 [3] 2 [4] 2 [5][7][12] + [2] [3] 9 [4] 2 [5] 2 - [6] [7] 2 [9] [12] 2 ) [6, 12, 19, 2, 9, 18, 6, 13, 22]* 



[4][6][7]3[9] 2 [12 

[6,9, 18,6,13,22, 7, 16,23] = - [ 6 , 9, 18, 6, 13, 22, 7, 14 , 23] 

V [3] 



= _ [ 2 ] 3 [ 4 H 7 lj l 2 l[f 12 19,2,10, 19,4, 14,23]* + [£ 3 9 18,6,13,22,5,14,23]* 

[31W vw 

'[6,9, 18,6,13,22,7, 16,24] = - vWfe, 9, 18, 6, 13, 22, 7, 15, 24] 
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_ [4M2][3]5[5][10] ([2][4] 2 [7]-[6]) .„.„„.„„..„,, 

~ ~?i w g m\ + wn) ^ 12 ' 19 ' 2 - 9 ' 18 - 6 ' 15 ' 241 

17 [52,12, 19,2, 9,18, 6, 13,22,4], [£2,12,19,2,9, 18,6,13,22,7], [£2, 12, 19,2,10, 19,4,11,19,3), 
[£ 3 ,9, 18,6,13,22,5,14,21,3] 

([£2, 12, 19,2,9,18,6, 13,22,5 ] = 0) ([£2, 12, 19,2,9, 18,6, 13,22,6 ] = 0) 



[£2, 12, 19, 2, 9, 18, 6, 15, 24, 7] = --^S[f 2 , 12, 19, 2, 9, 18, 6, 15, 22, 7] = V-MM [£ 2 , 12, 19, 2, 9, 18, 6, 13, 22, 71' 

W — [4]/[3] 



[6,12,19,2,9, 18,6,15,24,8] = VI 7 ] W 3 ^j 14 ^ + [3]2 [ 6l) [£ 3; 9 ; 18, 6 ; 13 ; 22 ; 7, 16,24,8] =0 

'i 2 ^^^^^^^' [4] V [2] [3] 5 [5] [10] ([2][4] 2 [7]-[6]) •_!— !-J 

[fa -12,19,2, 10, 19,4,11, 19, 4] = ^3 [f 2 , 12, 19, 2, 10, 19, 4, 14, 22, 41 

— vwi — ■ 



[3] [5] V [9] [ 10 ]_ , 2,9,18,6,13, 22,4]* I 

[12]y/WW 



/T5T [3] 2 /f5l3fg] 

[f2,12,19,2,10, 19,4,11,19,5] = - V [£2, 1?, 19,2,10,19,4,11,22,5] = V— =[£2, 12, 19, 2, 9, 18, 6, 13, 22, 5] =0 
,_ ! __ L j yppj [2]2[12]vW 



[£2 .12,19,2, 10, 19, 4, 14, 23, 3] = - xMM. [£ 2 , 12, 19, 2, 10, 19, 4, 14, 19,3]= iMjB [£ 2 , 12. 19, 2, 10, 19, 4,11,19,3]' 

w ^ 



[£2. 12, 19, 2, 10, 19, 4, 14, 23, 7] = —JMih, 12, 19, 2, 10, 19, 4, 14, 22, 7] = ^^ 3 ^^ [£ 2 , 12. 19, 2, 9, 18, 6, 13, 22, 7]* 
— — i [12] V / [2]^[7F 



[£ 3 ,9, 18, 6, 13, 22, 5, 14, 21, 4] = -^t^E [f 3 , 9, 18, 6, 13, 22, 5, 14, 19, 4] - ^MKH 7 ] ^ g lg g 13 22 g M 22 4 , 
,_ s __ ! _j ^ L S [3 



V[2] 7 [4]^[5] ([21WT12] + [3] 7 [5]) [£ 2 , 12, 19, 2, 10, 19, 4, 11, 19, 4] 
[6][9] 3 V[3T U V — — ' — — — ' — — — ' — - 



[2]V[5]p] ([ 2 ] 2 [3] 2 [4] 2 [5] [7] [12] + [2] [3] 9 [4] 2 [5] 2 - [6] [7] 2 [9] [12] 2 ) [£ 2 , 12, 19, 2, 9, 18, 6, 13, 22, 4] 



[6][12M3][4][7p[9F 



™^B[£ 2 .12,19,2,9,18,6,13,22,4]' 



[£ 3 ,9, 18,6,13, 22,5, 14, 23,3] = - — [ £3, 9, 18, 6, 13, 22, 5, 14, 19 , 3] - "^pfe 



= ®V-I |HHp ([2] [7] [12] + [3] 7 [5]) [£2,12,19,2,10, 19,4,11,19,3]* - ^-^-[£3, 9, 18,6, 13,22,5, 14,21,3]* 
fi]VW\W [4] 

[£3,9,18,6,13,22,5,14,23,7] = - y^fe, 9, 18, 6, 13, 22, 5, 14, 22, 7] 



[3] VPPIP] ([ 2 ] 2 [3] 2 [4] 2 [5] [7] [12] + [2] [3] 9 [4] 2 [5] 2 - [6] [7] 2 [9] [12] 2 ) [£ 2 , 12, 19, 2, 9, 18, 6, 13, 22, 7]' 



[4][6][7]3[9] 2 [12] 

18 [£ 2 ,12,19,2,9,18,6,13,22,4, 12], [£ 3 , 9, 18, 6, 13, 22, 5, 14, 21, 3, 10] , 

[31 

[£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 14] = 12, 19, 2, 9, 18, 6, 13, 22, 7, 14] 





( [£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 11 ] = 0) ( [£2, 12, 19, 2, 9, 18, 6, 13, 22, 7, 15 ] = 0) 

[12k/f2l 3 [7l 5 

[£2, 12, 19, 2, 9, 18, 6, 13, 22, 7, 16] = 1 Ol_LJ J — [£„ 12. 19, 2, 10, 19, 4, 14, 23, 7, 161 = 

L - ■ [5]vwi9i[Toi 

([£ 2 ,12,19,2,10, 19,4,11, 19,3,10] =0) 
[£2,12,19,2,10, 19,4,11, 19,3,12] = - y+W fe, 12, 19, 2, 10, 19, 4, 11, 19, 4 , 12] 

= WVWm.&,12, 19,2,9,18,6,13,22,4,12]* 
[12]^[2p[7]5 

[£2,12,19,2, 10,19,4,11, 19,3,14] = - [ £ 2 , 12, 19, 2, 10, 19, 4,11, 19, 4 , 14] 

[3J 



[3][5]7PIPI 



[£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 14]* 



[12][7]2^2p 
[6,9, 18, 6, 13, 22, 5, 14, 21,3,12 ] 

[g 3 ,9, 18, 6, 13, 22, 5, 14, 21, 3, 14] = - y/[3][£ 3 , 9, 18, 6, 13, 22, 5, 14, 21, 4, 14] 



, [£ 3 ,9, 18,6, 13,22,5, 14,21,4,12] = = [£ 2 12, 19, 2, 9, 18, 6, 13, 22, 4, 12] 

[5] j ypp[5p 



[2][12]yi5jpJ 



[£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 14]* 



19 [£2 , 12, 19, 2, 9, 18, 6, 13, 22, 4, 12, 19 ] = 
[£ 3 ,9, 18, 6, 13, 22, 5, 14, 21, 3, 10, 17] 
[£2,12,19,2,9, 18,6,13,22,4, 12, 21] 
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mvw] 



[£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 14, 19] , 



[i2]yp]W 

[5M3] 5 [9][10] 



[£2, 12, 19, 2, 10, 19, 4, 11, 19,3,12,21] 



[3]V[5P[9][10] 
[7] 



[£2, 12, 19, 2, 10, 19, 4, 11, 19, 3, 14, 21 



[3]2[5] 



[£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12, 21] 



[£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 14, 211 
[3M5]' 

[£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12, 21] = 



([£2, 12, 19,2,9,18,6, 13,22, 4, 14,21 ] = 0) ([£2, 12, 19,2,9, 18,6,13,22, 4, 14,22] = 0) 

[3] 



[£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 14, 23] 



[£ 3 ,9, 18, 6, 13, 22, 5, 14, 21,3, 10, 19] 



[£2, 12, 19, 2, 9, 18, 6, 13, 22, 7, 14, 23] = 



j [ £3,9, 18,6, 13,22,5,14,21,3,12 , 19] - [ £3, 9, 18, 6, 13, 22, 5, 14, 21, 3, 14 , 19] 



[2][12] v / pT , [2][5][12]y[3]pT r 

-fc. 17 . 1Q . 9 Q - 1S , fi ,13 ,22 ,4 19,19] + 1 " " JVL " J [£ 2 ,12, 19,2,9, 18, 6, 13,22,4, 14, 19] 



[2] 2 [12]VTT0l 



vwmwi 



[£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12, 19]* 



[£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12, 19, 2], ]£ 2 , 9, 18, 6, 13, 22, 5, 14, 21, 3, 10, 17, 1] 

([£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12, 19,3 ] = 0) ([£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12, 19,4] = 0) 



[ £2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12, 19 , 5] 

[£ 3 ,9, 18, 6, 13, 22, 5, 14, 21, 3, 10, 17,2 ] 
_ [2] 2 [12]yp] 



[£2 , 12, 19, 2, 9, 18, 6, 13, 22, 4, 14, 19, 5] = 



431 



[£ 3 ,9, 18, 6, 13, 22, 5, 14, 21, 3, 10, 19, 2] 



[3] 



[£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12, 19, 2]* 



[£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12, 19, 2, 9] 
([£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12 ,19,2,10 ] = 0) ([£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12 , 19,2,11 ] = 

[£ 3 ,9, 18, 6, 13, 22, 5, 14, 21, 3, 10, 17, 1, 9 ] - 

[12]V[2] a [4][10] 
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[£ 3 ,9, 18, 6, 13, 22, 5, 14, 21, 3, 10, 17, 2, 9] 



[3] 



[£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12, 19, 2, 9]* 



( [£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12, 19, 2, 9, 17 ] = oj ([£2, 12, 19, 2, 9, 18, 6, 13, 22, 4, 12, 19, 2, 9, 18 ] = oT 



22 



Let u be the path [1, 9, 18, 6, 13, 22, 4, 14, 19, 2, 11, 19, 2, 11, 22, 5, 14, 21, 3, 10, 17, 1], which 
is symmetric. This path is non-zero in A since 



[1, 9, 18, 6, 13, 22, 4, 14, 19, 2, 11, 19, 2, 11, 22, 5, 14, 21, 3, 10, 17, 1] 
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[1, 9, 18, 6, 13, 22, 4, 14, 19, 2, 11, 18, 2, 11, 22, 5, 14, 21, 3, 10, 17, 1] 



[3_r 

[4] 



[ 1,9,18,6,13,22,4,14,19 , 2, 11, 18, 6, 11, 22, 5, 14, 21, 3, 10, 17, 1] 
[1, 9, 18, 6, 13, 22, 4, 12, 19, 2, 11, 18, 6, 11, 22, 5, 14, 21, 3, 10, 17, 1]. 



V / [3p[9l 

VMM 

We choose u iu ^ = iii„(i) := u. Then v jl/ ^u(a ij ) = Vg u ( 1 )h / (a li9 ) is given by 
[9,18,6,13,22,4, 14,19, 2, 11, 19, 2, 11, 22, 5, 14, 21, 3, 10, 17, 1, 9] 



-^j|[ 9, 18, 6, 13, 22, 4, 12, 19, 2 , 11, 19, 2, 11, 22, 5, 14, 21, 3, 10, 17, 1, 9] 

vlil 



[6,10,19,2, 11, 22, 5, 14, 21, 3, 10, 17, 1, 9] 



-^B[ &,9,17,2,11,22 , 5, 14, 21, 3, 10, 17, 1, 9] 



[9] \/[3] 5 [4] 

v/[2][5][7] 3L J 

+ [4][6]V[2][9][10 ] [6; 2) U; 5) ^ 21) 3 1Qj 1?) ^ g] 

pJvl 3 ] 



J [21 3 [31 [41 3 /r l9 

+ V ^ ([3] 2 + 1)[£ 2 , 12, 19, 3, 14, 22, 5, 14, 21, 3, 10, 17, 1,9]. 

5]- 



Now 



[4][6] v /[2][9][10] r 

^[^,12,19,2,11,22,5, 14, 21, 3, 10, 17, 1, 9] 



[5M3] 



v/[2l 3 [3l[4l 3 /r l9 Nr 
+ V L ii J ([3] 2 + 1) [ 6, 12, 19, 3, 14, 22, 5 , 14, 21, 3, 10, 17, 1, 9] 



[2l 2 ,/f4l3[iol 

U iLLL J [ 6, 12, 19, 2, 10, 19, 5, 14 , 21, 3, 10, 17, 1,9] = 0, 
Vt 5 J PI 



so we have 



VP] [5][Tl d 

- I 2 " 4 li 9 " 12 lv™ |fel2il9i2i9il8i6il 3 i22i4il2il9i2i9| ^ . 



Now 

[9, 17, 2, 11, 20, 5, 14, 21, 3, 10, 17, 2, 9, 18, 6, 13, 22, 4, 12, 19, 2, 9] 



s9 




[9, 18, 6, 13, 20, 5, 14, 21, 3, 10, 17, 2, 9, 18, 6, 13, 22, 4, 12, 19, 2 



imvw\ 



[9,18,6,13,22,5,14,21,3,10,17, 



2,9,18,6,13,22,4,12,19,2,9] 



[5] [12] VMM 



[6, 12, 19, 



2,9,18,6,13,22,4,12,19,2,9] ^ 0, 



[3]^PJ 



so that 



[4][9][10]vT2PF 



[9, 17, 2, 11, 20, 5, 14, 21, 3, 10, 17, 2, 9, 18, 6, 136, 22, 4, 12, 19, 2 



[7] 2 vW 



= a jk v , 



where v' is symmetric. Then C = 1. 
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